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Abstract

The primary contribution of this thesis is to analyze several new extensions of the
Iterative Hard-Thresholding (IHT) algorithm. We first focus on analyzing a zeroth-order
extension of IHT, zeroth-order hard-thresholding (ZOHT): in particular, we analyze the
conflict between the error of the zeroth-order gradient estimator, and the expansivity of
the hard-thresholding operator. We prove global convergence guarantees in the restricted
strongly convex (RSC) and restricted smooth (RSS) setting, for such algorithm. We then
analyze the convergence of variance-reduction variants of the ZOHT algorithm (in the RSC
and RSS settings), and analyze how the conditions on the number of random directions are
improved. We then propose a variant of the original proof of convergence of ZOHT in the
non-convex and discontinuous setting, useful for instance in a reinforcement learning setting.
Then, we analyze a generalization of IHT which can tackle additional convex constraints
verifying mild assumptions, in the zeroth-order and first-order (stochastic and deterministic)
settings: when doing so, we also revisits previous proofs of convergence in risk for IHT,
providing simpler proofs for existing results, removing the original system error present
in the first proof of ZOHT, and extending the convergence result of all those algorithms
to the case with extra constraints. Finally, we analyze an algorithm for sparse recovery,
IRKSN (Iterative Regularization with k-Support Norm), inspired by a dual perspective
on THT, and show that its provides different conditions for recovery than IHT and usual
sparse recovery algorithms based on the ¢; norm, therefore providing a useful complement
to those algorithms for sparse recovery.
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""Tis a lesson you should heed—
Try again;

If at first you don’t succeed,
Try again.”

— William Hickson
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Chapter 1

Introduction

1.1 Motivations

In machine learning, ensuring sparsity of the learned model is essential for numerous
reasons such as computational (to reduce the size of the model and improve the speed and
memory cost of a model), or statistical (for instance for variable selection to potentially
increase the quality of predictions, or for model recovery or interpretability). The Iterative
Hard-Thresholding (THT) [20] is a fundamental algorithm to achieve sparse learning, which
possesses several desirable properties. Indeed, it allows a practitioner to enforce a fixed
sparsity k for all the iterates of the algorithms (as well as the returned solution), without
requiring to tune any hyperparameter as is the case for instance with several methods such
as the Lasso [139]. However, so far, such an algorithm still leaves several open questions
which we seek to address in this thesis.

First, IHT is a (non-convex) projected gradient descent algorithm, and as such, requires
access to the gradient of the objective function. However, in some cases, such gradient may
be inaccessible, for computational reasons (it can be too costly to obtain, such as in certain
graphical modeling tasks [116]), or for privacy reasons (the objective function considered
may be computed partially on a private remote location, inaccessible to the optimizer,
which arises for instance when the dataset is private as in distributed learning [66, 161], or
in black-box adversarial attacks when the model is private [95]). In such cases, one can
resort to zeroth-order methods, which only requires input and outputs of the considered
function. However, is the zeroth-order estimator of the gradient compatible with hard-
thresholding, and if so, how to tune the various parameters of such an algorithm to ensure
convergence ! Also, dependence on the dimension was shown to be unavoidable for strongly
convex and smooth zeroth-order optimization problems [77]: is it avoidable for zeroth-order
hard-thresholding algorithms (which are non-convex algorithms) 7

Additionally, zeroth-order algorithms in the convex and general non-convex case are
often combined with variance reduction techniques [68, 72, 79] when the function has a
finite-sum structure (as in empirical risk minimization in machine learning), in order
to obtain a fast convergence (similar to the one from full-batch optimization methods),



with the low computational cost of stochastic (mini-batch) methods. Can we apply such a
technique to the zeroth-order hard-thresholding algorithm above in order to make them more
applicable 7 Furthermore, zeroth-order optimization is tightly related to evolution strategies
in reinforcement learning [129]. As such, it would be important to prove convergence
of zeroth-order hard-thresholding (ZOHT) in such a case, in order to use ZOHT for
reinforcement learning problems. However, in a reinforcement setting, the cost function is
usally discontinuous and non-convex. Therefore, can ZOHT converge in such non-convex
and discontinuous setting, and how to tune its parameters to ensure such convergence ?

Then, in several applications such as in portfolio optimization, one may require additional
constraints in addition to the sparsity constraints. Indeed, in such portfolio optimization
example, one may seek to enforce a total budget constraint on the investments, which can

be enforced through an extra ¢; constraint, as in [133]. As another example, in sparse
non-negative matrix factorization, when estimating the hidden components, one may seek to
enforce both a norm constraint and a sparsity constraint [73]. In the convex case, it is known

that the intersection of two convex sets is also convex, and as such, combining constraints
can easily be done as long as one can project onto the combined constraints: convergence
of the optimization procedure will then be ensured under standard convex optimization
assumptions. But in the non-convex sparse case, which algorithm can successfully ensure
both the sparse and the extra constraints 7 Under which conditions will convergence be
ensured, in the deterministic, stochastic (first-order), and zeroth-order settings 7

Finally, IHT is known to suffer from restrictive applicability conditions: in the compressed
sensing and sparse recovery literature, such conditions are ensured by the Restricted Isometry
Property [33], which is known to be unrealistic in many high-dimensional optimization
settings [76]. Therefore, could we derive alternative algorithms than IHT, in particular
in the compressed sensing setting, which would ensure recovery under different, hence
complementary conditions ?

1.2 Background

In this section, we introduce the basic notions that will use in the thesis.

1.2.1 Convex Optimization

Although our work is mostly about hard-thresholding algorithms, which are non-convex
optimization algorithms as they optimize over a non-convex constraint (the ¢, pseudo-
ball), we will provide guarantees that are global (using the restricted strong convexity
and restricted smoothness assumption which we will define below), and deriving such
guarantees heavily build on tools and techniques from the convex optimization literature.
Below, we provide some usual definitions from the convex optimization literature, which are
the most common assumptions used to prove convergence of first-order and zeroth-order
methods, namely convexity, strong convexity and smoothness. For simplicity of exposition,
we consider such definitions in the case where f is differentiable, although the notions of



convexity and strong convexity can be defined even if f is not differentiable. These notions
can be found in [110].

Definition 1 (Convexity). A differentiable function f: R% — R is said to be convex if for
all (z,y) € (RY)?:
fy) = f(®) +(Vf(x),y—x) (1.1)

Such a property of functions is at the same time very commonly encountered in many
usual settings in machine learning, such as in linear regression and logistic regression, and
is also very powerful, as when f is convex, it is possible to prove the convergence of first
order (such as (sub)-gradient descent) methods to solve the following problem:

min f(x). (1.2)

xR

Furthermore, under some additional assumptions, faster convergence of gradient descent
methods can be proven. We describe below such conditions:

Definition 2 (v-strong convexity). A differentiable function f : RY — R is said to be
v-strongly convex if for all (z,y) € (R?)2:

f) 2 f@) + (Vi(@).y ) + e~ yl? (1.3)

Such a property ensures that the curvature of the function is bounded from below. This
is useful amongst other things to ensure that the minimum of f over R? is unique, and to
prove fast convergence of first-order method. We now turn to another useful property of
functions, used in the field of convex optimization, but also in non-convex optimization:

Definition 3 (L-smoothness). A function f : R? — R is said to be L-smooth, if it is
differentiable, and there exist a generic constant L such that for all (z,y) € (R%)? :

IVf(x) = V)l < Lilz -yl (1.4)

Such a definition ensures that the function f is well-behaved enough, more precisely,
that the gradient does not change too abruptly. If one knows that f is convex, then an
alternative definition of smoothness is as follows:

Definition 4 (L-smoothness (alt.)). A convex function f : R? — R is said to be L-smooth,
if it is differentiable, and there exist a generic constant L such that for all (x,y) € (R?)? :

Fy) < f(@) + (Vi(@)y —a) + ozl (1)



1.2.2 Stochastic Optimization

In many cases, one actually does not directly observe f(x) for some x, but rather, one
observes a noisy version of . One of such cases occurs for instance when f can be expressed
as an expectation over a random variable &, as below:

f(x) :=Eef(,§) (1.6)

For simplicity, in such case we may denote fe(x) := f(x, €) for all € R In such a
case, one may needs some assumptions on the variance of the gradient, at a particular point
(usually the optimum of f, *):

Definition 5 (¢%-FGN [(4], Assumption 2.3 (Finite Gradient Noise)). f is said to have
o-finite gradient noise at x* if for almost any &, fe is differentiable and the gradient noise
o=o(f,&) defined below is finite:

0% = Ee[[|V fe(x")II3] (1.7)

1.2.2.1 Finite-Sum Optimization

In machine learning, one often minimizes a function which can be expressed as an average
of n terms, which is also called Empirical Risk Minimization. More precisely, the function
f to be minimized can be expressed as follows, for all w € R

flw) == 3" fiw), (18)

where each f;(w) is often of the form g(w,x;,y;) for some function g (which is for
instance the logistic loss), and some samples @1, ..., @, and labels yi, ..., y,. Such case is
therefore a special case of the stochastic case above, where £ is actually the random index
of each sample, which follows a uniform distribution with probability % for each index.

1.2.3 Zeroth-Order Optimization

In several settings, one actually cannot access the gradient V f (), for instance if the function
values are obtained through a long recurrent process which would make backpropagation

too costly [11,134], or if computing V R(w) is too expensive such as in certain graphical
modeling tasks [146], or if the dataset is private as in distributed learning [66, [61], or if
the model is private as in black-box adversarial attacks [95]. In such a case, one can take

an existing first order method, but replace the gradient by an approximation of it, which
is based on the finite approximation of the gradient. Some review of such methods can
be found for instance in [18] and [93], a first introduction of such methods using gaussian
random smoothing can be found in [113], and a first appearance of such methods can be
found in [136]. In this paragraph, we present one of such methods, described for instance

4



in [57], which approximates the gradient using ¢ random directions uy, ..., u, sampled
independently and uniformly at random along the unit sphere in R?, and with the following
approximation of the gradient V f(x):

V() = ng(w“":‘) — @), (1.9)

where p is a smoothing radius, which should be taken as small as possible, as much as is
allowed by the machine precision such that it will not introduce numerical errors. As will
be discussed in more details later, such an estimator of the gradient is actually biased, with
a bias growing with u. Additionally, in order to reduce its variance, one may sample more
random directions ¢, and in this thesis we will study the impact of such choice of ¢ in the
setting of hard-thresholding zeroth-order algorithms.

1.2.4 Constrained Convex Optimization

We now make a first step towards the main topic of this thesis, by now describing the
constrained convex optimization problem. The results in this section can be found in [110)].
Constrained convex optimization problems can generally be formulated as follows:

min f(x), (1.10)

xeC

where C is a convex constraint set. We give below the definition of a convex set, which
essentially states that any point in between two points of the set must also belong to the
set:

Definition 6 (Convex Set). A set C C R? is convex if, for all (x,y) € C%, and for all
Ael0,1: e+ (1-NyeC.

Proofs in constrained convex optimization usually build on the following properties of
projection onto convex sets, where we denote by Il¢(a) the projection of & onto C.

1.2.4.1 Non-Expansivity and Three-Point Lemma

Lemma 1 (Non-expansivity).

V(z,z") €RI % C: |z — || > |[Ie(z) — | (1.11)

This property essentially states that when one projects onto C, one gets closer to any
given point &* € C from the constraint. Actually, one can even be more precise on the
amount by which one gets closer to «*, by using a stronger version of the non-expansivity
lemma. Such lemma is also sometimes called the three-point lemma when used in a general
Bregman divergence form to prove convergence of mirror descent for smooth functions
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Figure 1.1: For projection onto the ¢; ball, we have |z —x*||> > |z — [lc(z)||* +
|Tlc(x) — x*||* (three-point lemma), but this is not true if C is the ¢y pseudo-ball. In
that case, even the weaker non-expansivity property (||x — x*|| > ||[Ilc(x) — x*||) is not
verified in general.

in [27]. It is indeed sometimes necessary to use such lemma rather than the non-expansivity
of the hard-thresholding operator, in some specific proofs !, and we present it below.

Lemma 2 (Convex Three-Point Lemma).

V(x,x") € RY % C: |lx — :1:*||2 > || — Hc<$)||2 + |[Te(x) — m*||2 (1.12)

However, such two properties above are not verified if the set C is not convex, as
we illustrate on Figure 1.1, where we plot the projection operator onto the ¢; unit ball,
as well as the projection operator onto the £, pseudo-ball 2 of radius k, also known as
the hard-thresholding operator [103], which keeps the k-largest values (in magnitude) of
a given vector (if there are ties between components, one may break ties randomly or
based on lexicographical order of the component index). As we can observe in Figure 1.1
(b), the projection of & onto the ¢y unit ball is actually further away from x*, hence the
non-expansivity is not verified (and consequently the three-point lemma is not verified
either). As we will discuss in Chapter 2 (resp. Chapter 3), it is however possible to keep
some of the techniques from convex optimization, and to replace the non-expansivity of
projection onto a convex set (resp. the convex three-point lemma), by a modified version
which is valid for projection onto the ¢, pseudo-ball.

1.2.4.2 Contractivity

We now turn to describe another property of projection, namely, the contractivity.

In particular, the proof for constrained optimization in the smooth case, cf. Proof of The-
orem 3.4 here: https://raw.githubusercontent.com/epfml/OptML_course/master/lecture_notes/
lecture-notes.pdf.

2The £y pseudo-ball of radius k denotes the set C = {x € R? : ||z||o < k}, where || - ||o is the £
pseudo-norm, denoting the number of non-zero components of a vector.


https://raw.githubusercontent.com/epfml/OptML_course/master/lecture_notes/lecture-notes.pdf.
https://raw.githubusercontent.com/epfml/OptML_course/master/lecture_notes/lecture-notes.pdf.
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Figure 1.2: For projection onto the ¢; ball, we have ||ll¢(x;) — e(x2)]| < |21 — 2|
(contractivity), but this is not true if C is the ¢ pseudo-ball.

Lemma 3 (Contractivity of projection onto a convex set).

(@, @) € (RY)? ¢ [[Tle(1) — e (a2) ]| < [y — o] (1.13)

Such property essentially states that the distance between the projections of two points
is smaller than the original distance between those two points. We illustrate such a property
in Figure 1.2. As we can see there too, such a property is not verified for projection onto
the ¢y pseudo-ball (hard-thresholding operator). Such property can also be read as the
Lipschitz smoothness of a potential function, which gradient is the projection operator. As
such, it is also related to the strong convexity of the Fenchel dual of such potential, as we
will discuss in Section 4.1. We introduce the Fenchel dual in Section 1.2.6.3 below, and will
explore in more details this view of the projection operator as some gradient of a potential
function, by analyzing the Dual Averaging algorithm, and finding some ways to deal with
this departure from convex projection, in particular in Section 4.1.

1.2.5 Hard-Thresholding Algorithm

In this thesis, we consider mostly the following constrained optimization problem over the
lo pseudo-ball:

min x 1.14

T st llmHogkf( ) ( )

We now discuss the main algorithm which we consider in this thesis, which is the
hard-thresholding algorithm, and which goal is to solve the problem above (approximately,
since the problem above is NP-hard as we will discuss). An early appearance of such
algorithm can be found in [20]. It is a projected gradient descent algorithm, where the
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projection is onto the ¢y pseudo-ball of radius k£, which constitutes the hard-thresholding
operator denoted Hj below. It consists in keeping only the k largest components of a vector
(in absolute value), and setting all other components to 0. Note that if ties are present, any
method to break them (e.g. lexicographically) is admissible. We describe it below:

Algorithm 1: Hard-Thresholding
Initialization: x
fort=0,...T—1do
| @i = Hi(® —nV f(z1))
end
Output: @y :=e.g. T or argminge(,,7r f(x)

As will be discussed later, in this thesis, we will consider proofs which provide approxi-
mate global guarantees of convergence to such a problem above. Therefore, we will need
some variants of the usual smoothness and strong convexity assumptions, which are tailored
to the structure of the problem.

Definition 7 ((vs, s)-RSC, [76,88,96,108,116,133,157]). f is said to be vy restricted strongly
convexr with sparsity parameter s if it is differentiable, and there exist a generic constant v
such that for all (z,y) € R with || — yllo < s:

f@) 2 f(@)+ (Vf(@).y @)+ e - y|? (1.15)

Definition 8 ((Ls, s)-RSS, [116,133]). A function f is said to be L restricted smooth with
sparsity level s, if it is differentiable, and there exist a generic constant Ly such that for all
(z,y) € RY with | — yllo < s:

V() = V)l < Llle -y (1.16)

Essentially, such definitions are similar to the ones from convex optimization, except
that they only need to be enforced on a subset of the considered space.

1.2.6 Non-smooth Optimization

In Chapter 4, we will need some additional tools from non-smooth convex optimization,
which we introduce below. Such definitions can be found in [110] and [121].

1.2.6.1 Subgradient

Definition 9. Consider a convex function f :C C R* — R. We say that g is a subgradient
of f at @, if for ally € C :

fy) = f(x) +{g,y — =) (1.17)
The set of all subgradients of f at x is called the subdifferential of f at x and is denoted
Of (x).

In other words, the notion of subgradient allows to define the notion of tangent plane(s)
to a curve of a function, even when the gradient is not defined at a particular point.

8



1.2.6.2 Proximal Operator

Another useful notion when dealing with non-smooth convex functions f is the notion of
proximal operator. Such an operator is also a generalization of the projection onto a convex
set, and is defined as follows:

Definition 10 (Proximal Operator). Given a function f : R? — R, the prozimal operator
of f at € R is defined by:

prozy (@) = inf f(y) + 3=~y (118)

One can see for instance that for a convex set C, denoting by 1, the indicator function

OifxeC
of that set (i.e. the function 1¢ : & — ) ), the projection operator onto C
+o00 otherwise

is actually the proximal operator of that indicator function, that is, we have:
prox,, = I¢ (1.19)

1.2.6.3 Fenchel Duality

In Chapter 4, we will make use of the notion of Fenchel duality (also called convex duality).
Such notion leads, amongst other things, to powerful theorems, which allow to easily derive
closed form for several proximal operators or subgradient of functions for instance, using
known form for the Fenchel dual (also called convex dual) of such functions and for the
proximal operator or subgradient of such dual function, and using theorems relating the
proximal operator or subgradient of a function and its dual.

Definition 11 (Fenchel dual). Given a function f : R? — R, the Fenchel dual of f, denoted
f*, is the following function, such that for all y € R%:

[ (y) = sup(z,y) — f(x) (1.20)

xrER4

1.3 Bibliographic Notes

Our thesis is based on the works described below (* denotes equal contribution):

o Zeroth-Order Hard-Thresholding: Gradient Error vs. Expansivity [10], by William de
Vazelhes, Hualin Zhang, Huimin Wu, Xiao-Tong Yuan, Bin Gu. Published in NeurIPS
2022. Included in Chapter 2.

e New Insight of Variance Reduce in Zero-Order Hard-Thresholding: Mitigating Gradient
Error and Ezxpansivity Contradictions [159], by Xinzhe Yuan, William de Vazelhes,
Bin Gu, Huan Xiong. Published in ICLR 2023. Included in Chapter 2.
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e Hard-Thresholding Meets Fvolution Strategies in Reinforcement Learning, by Chenggian
Gao*, William de Vazelhes*, Hualin Zhang, Zhiqiang Qu, Bin Gu. Accepted at [JCAI
2024. Included in Chapter 2.

e Optimization over sparse restricted conver sets via two steps projection [15], by William
de Vazelhes, Xiaotong Yuan, Bin Gu. A preliminary version, had been submitted to
ICLR, and is available on OpenReview, and an updated version is currently under
review at COLT 2024. Included in Chapter 3.

e [terative Regularization with k-support Norm: An Important Complement to Sparse
Recovery [11], by William de Vazelhes, Bhaskar Mukhoty, Xiao-Tong Yuan, Bin Gu.
Published in AAAI 2024. Included in Chapter 4.

1.4 Outline

In Chapter 2, we analyze our first algorithm, Zeroth-Order Hard-Thresholding (ZOHT),
which is an adaptation of the Iterative Hard Thresholding algorithm to the zeroth-order
case, i.e. where the true (stochastic) gradient is replaced by a zeroth-order approximation
of it. We analyze the conflict between the error of such a zeroth-order estimator on one
side, and the expansivity of the hard-thresholding operator on the other side, and analyze
how to tune the parameters of the algorithm (number of random directions ¢, sparsity
k and step-size 1), in order to ensure convergence. Importantly, our results show that
under standard assumptions, the query complexity of ZOHT is dimension independent,
which is a very important property in the zeroth-order literature. Our results are based
on novel bounds on the error of the zeroth-order estimator restricted to a given sparse
support, which we obtain using properties of integrals on slices of spheres. Such result on
the support restricted error of the zeroth-order gradient estimator will also be at the core
of most of our results on zeroth-order hard-thresholding variants. Finally, we illustrate
the applicability of ZOHT on several use cases: a portfolio optimization task, as well as a
black-box adversarial attacks task. Then, in the last two sections of Chapter 2, we analyze
several variance reduction variants of ZOHT, such as the ones in [68,72,79,115], i.e. SVRG,
SAGA, SARAH, and ¢-SAGA. We analyze in particular the effect of variance reduction
on the previous conflict between zeroth-order and expansivity of the hard-thresholding
operator, and in particular how variance reduction allows to reduce stringent requirements
on the number of random directions of the zeroth-order estimator. We illustrate such
algorithms on several use cases including portfolio optimization and black-box adversarial
attacks. Then, we consider the original ZOHT algorithm, but in the case where the
function to be optimized is discontinuous (but bounded) and non-convex, as is the case in
general in reinforcement learning settings. We show that a carefully tuned zeroth-order
hard-thresholding is guaranteed to converge to a stationary point of the smoothed objective
in such case, and provide, up to our knowledge, the first explicit convergence rate for such
problem, using constants of the problem (which we believe are of independent interest for
the evolutionary strategies community in particular).
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In Chapter 3, we consider a variant of IHT, using a two-step projection operator,
which can tackle extra convex constraints such that projection of a sparse vector onto them
is support preserving. We provide a global convergence guarantee in terms of function
value for such an algorithm (similar to existing global convergence guarantees for IHT,
i.e. for a relaxed sparsity level since the problem is NP-hard in general), which exhibit a
novel compromise between sub-optimality gap and sparsity relaxation specific to these new
constraints, and balanced in our bounds through a parameter p. To derive such results,
we develop, using tools from [90], a non-convex variant of the usual three-point lemma
classically used to prove convergence of projected gradient descent in the smooth and
convex setting. We first provide such a three-point lemma in a vanilla flavor to characterize
the behaviour of the hard-thresholding operator itself, which allows us as a byproduct
to significantly simplify existing proofs of convergence of IHT in the deterministic and
stochastic setting, and to come up with a novel zeroth-order hard-thresholding algorithm
with exponentially increasing random directions, which can get rid (as we prove thanks
to our new framework) of the system error of ZOHT. We also provide a variant of the
three-point lemma which incorporates the extra constraints, and which we use to obtain
the (first, up to our knowledge) global convergence guarantees in the setting with extra
constraints.

Finally, in Chapter 4, we consider an algorithm for sparse recovery which is inspired from
a dual perspective on IHT. More precisely, such an algorithm is an iterative regularization
algorithm following the framework from [99], but where the usual regularization based on
the /1 norm is replaced by a regularizer based on the k-support norm. We provide sufficient
conditions for sparse recovery with such an algorithm, and show how they differ from, hence
are complementary from, the ones for recovery with /; norm. We obtain our results by
finding the corresponding first order conditions for recovery, through the derivation of the
subgradient of the (squared) top-k norm. We illustrate the applicability of our algorithm on
toy synthetic experiments as well as real-life experiments including an fMRI decoding task.
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Chap. 4. IRKSN
Chap. 2.11. ES + HT (dual perspective on HT)

Chap. 2. ZOHT

Note: derivation of Prop. 1 for
E[|Vrf()]|

Chap. 2.10. Variance Reduced ZOHT Chap. 3. HT + Extra Constraints
Note: uses Prop. 1 (Deterministic, Stochastic, ZO)
Note: uses Prop. 1

Figure 1.3: Organization of the thesis. ES: Evolutionary Strategies, IRKSN: Iterative
Regularization with k-Support Norm.
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1.5 Notations

Throughout this thesis, we will denote vectors in bold letters, and we will use the following
notations:

e Vf(x) denotes the gradient of f at x.

e u; denotes the i-th coordinate of vector u, and V, f(x) the i-th coordinate of V f(x).

e || - |lo denotes the ¢y (pseudo-)norm (which is not a proper norm).
o |||l (or || -]|2) denote the ¢5 norm.

e || - ||, denotes the ¢, norm for p € [1,400).

o |||l denotes the maximum absolute component of a vector.

e, .., x, P denotes that we draw n i.i.d. samples x1, .., x, from the distribution

P.

e E, p (or simply E, if there is no possible confusion) denotes the expectation of x
which follows the distribution P.

e [d] denotes the set of all integers between 1 and d: {1, ..,d}.

e supp(x) denotes the support of a vector @, that is the set of its non-zero coordinates.
e |F| denotes the cardinality (number of elements) of a set F'.

e F'° denotes the complement of F' in [d].

e SYR) (or SU(R) for simplicity if R = 1) denotes the d-sphere of radius R, that is
SYR) = {u € R : ||ul], = R}.

o U(8?) denotes the uniform distribution on that unit sphere.
e [(d) denotes the surface area of the unit d-sphere defined above.

e S denotes a set that we call the restricted d-sphere on S, described as: {ug : u €
{v € R?: ||lvg|ls = 1}}, that is the set of unit vectors supported by S.

o U(S2) denotes the uniform distribution on that restricted sphere above.

e up (resp. Vpf(x)) denotes the hard-thresholding of w (resp. V f(x)) over the support
F'| that is, a vector which keeps w (resp. V f(x)) untouched for the set of coordinates
in F', but sets all other coordinates to 0.

o ([Csl]) denotes the set of all subsets of [d] that contain s elements: ([Csl]) ={S: 15| =
s, S C [d]}.
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U (([i])) denotes the uniform distribution on the set above.
I denotes the identity matrix L. 4.

Is denotes the identity matrix with 1 on the diagonal only at indices belonging to
the support S: I;; = 1if ¢ € §, and 0 elsewhere.

S 3 e denotes that set S contains the element e.
{u;}", denotes the collection of elements uy, .., u,,.
I' denotes the Gamma function [2].

[, f(u)du denotes the integral of f over the set A.
log denotes the natural logarithm (in base e).

I (w) denotes the Euclidean projection of w onto aset I', i.e. IIp(w) € arg min¢r ||w—
25“2.

By (k) denotes the £y pseudo-ball of radius k, i.e. By(k) = {w € R?: ||w]|o < k}.

H}. denotes the Euclidean projection onto By(k), also known as the hard-thresholding
operator (which keeps the k largest (in magnitude) components of a vector, and sets
the others to 0 (if there are ties, we can break them e.g. lexicographically)).

[1£ denotes the Two-step projection of sparsity k onto the set I', i.e. TIE(+) = Hp(Hy(+)).

|S| denotes the number of elements of a set S C [d] (cardinality).
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Chapter 2

Zeroth-Order Hard-Thresholding

This chapter is based on the paper [10].

2.1 Introduction

{y constrained optimization is prevalent in machine learning, particularly for high-dimensional
problems, because it is a fundamental approach to achieve sparse learning. In addition
to improving the memory, computational and environmental footprint of the models,
these sparse constraints help reduce overfitting and obtain consistent statistical estima-

tion 28,109,125, 158]. We formulate the problem as follows:
min {f(z) = Eef(@. )}, st Jalo <k (2.1)

where f(-,€) : RY — R is a differentiable function and £ is a noise term, for instance
related to an underlying finite sum structure in f, of the form: E¢f(x, &) = L 3" | f;(x).
Hard-thresholding gradient algorithm [76,116,157] is a dominant technique to solve this
problem. It generally consists in alternating between a gradient step, and a hard-thresholding
operation which only keeps the k-largest components (in absolute value) of the current
iterate. The advantage of hard-thresholding over its convex relaxations ( [110, 113]) is
that it can often attain similar precision, but is more computationally efficient, since it
can directly ensure a desired sparsity level instead of tuning an ¢; penalty or constraint.
The only expensive computation in hard-thresholding is the hard-thresholding step itself,
which requires finding the top k elements of the current iterate. Hard-thresholding was
originally developed in its full gradient form [76], but has been later on extended to the
stochastic setting by [116], which developed a stochastic gradient descent (SGD) version
of hard thresholding (StoIHT), and further more with [163], [133] and [38]|, which used

variance reduction technique to improve upon StolHT.

However, the first-order gradients used in the above methods may be either unavailable
or expensive to calculate in a lot of real-world problems. For example, in certain graphical
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Table 2.1: Complexity of sparsity-enforcing algorithms. We give the query complexity for a
precision €, up to the system error (see section 2.4). For first-order algorithms (FO), we
give it in terms of number of first order oracle calls (#IFO), that is, calls to V f(z, &), and
for ZO algorithms, in terms of calls of f(&,-). Here x denotes the condition number %, with
L is the smoothness (or RSS) constant and v is the strong-convexity (or RSC) constant.

Type Name Assumptions #1720 /#1IFO #HT ops.
FO/ty StoIlHT [L16] RSS, RSC O(rlog(1)) O(rlog(1))
ZO/¢; RSPGF [59]  smooth? O(%) o
70/t ZSCG?7| convex, smooth O(L) _

s-sparse gradient,
Z0/t; ZORO |[31] weakly sparse hessian, O(slog(d) log(%)) —

smooth? RSCh;s?
Z0/ty SZOHT RSS, RSC O((k + %)/{2 log(1)) O(k*log(?))
Z0/t, SZOHT smooth, RSC O(kr?log(1)) O(r?log(L))
I The definition of Restricted Strong Convexity from [31] is different from ours and that of [116],

hence the bis subscript.
2 We refer to the modified version of ZSCG (Algorithm 3 in [7]).
3 RSPGF and ZORO minimize f(x) + A||z||1: only f needs to be smooth.

modeling tasks [116], obtaining the gradient of the objective function is computationally
hard. Even worse, in some settings, the gradient is inaccessible by nature, for instance
in bandit problems [132], black-box adversarial attacks [38, 39, 142], or reinforcement
learning [11, 98, 129]. To tackle those problems, ZO optimization methods have been
developed [114]. Those methods usually replace the inaccessible gradient by its finite
difference approximation which can be computed only from function evaluations, following
the idea that for a differentiable function f: R — R, we have: f'(x) = lim,_o w
Later on, ZO methods have been adapted to deal with a convex constraints set, and can
therefore be used to solve the ¢; convex relaxation of problem equation 2.1. To that
end, [59], and [31] introduce proximal ZO algorithms, [95] introduce a ZO projected gradient
algorithm and |7] introduce a ZO conditional gradient [36]| algorithm. We provide a review
of those results in Table 2.1. As can be seen from the table, their query complexity is
high (linear in d), except [31] that has a complexity of O(slog(d)log(2)), but assumes that
gradients are sparse. In addition, those methods must introduce a hyperparameter A (the
strength of the ¢; penalty) or R (the radius of the ¢; ball), which need to be tuned to find
which value ensures the right sparsity level. Therefore, it would be interesting to use the
hard-thresholding techniques described in the previous paragraph, instead of those convex
relaxations.

Unfortunately, ZO hard-thresholding gradient algorithms have not been exploited
formally. Even more, whether ZO gradients can work with the hard-thresholding operator
is still an unknown problem. Although there was one related algorithm proposed recently
by [7], they did not target ¢, constrained optimization problem and importantly have
strong assumptions in their convergence analysis. Indeed, they assume that the gradients,
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as well as the solution of the unconstrained problem, are s-sparse: ||V f(x)|o < s and
lz*|lo < s* ~ s, where * = arg min,, f(x). In addition, it was recently shown by [31]| that
they must in fact assume that the support of the gradient is fixed for all & € X, for their
convergence result to hold, which is a hard limitation, since that amounts to say that the
function f depends on s fixed variables.

To fill this gap, in this paper, we focus on the ¢, constrained black-box stochastic opti-
mization problems, and propose a novel stochastic zeroth-order gradient hard-thresholding
(SZOHT) algorithm. Specifically, we propose a dimension friendly ZO gradient estimator
powered by a novel random support sampling technique, and then embed it into the standard
hard-thresholding operator.

We then provide the convergence and complexity analysis of SZOHT under the standard
assumptions of sparse learning, which are restricted strong smoothness (RSS), and restricted
strong convexity (RSC) [116,133], to retain generality, therefore providing a positive answer
to the question of whether ZO gradients can work with the hard-thresholding operator.
Crucial to our analysis is to provide carefully tuned requirements on the parameters ¢
(the number of random directions used to estimate the gradient, further defined in Section
2.3.1) and k. Finally, we illustrate the utility of our method on a portfolio optimization
problem as well as black-box adversarial attacks, by showing that our method can achieve
competitive performance in comparison to state of the art methods for sparsity-enforcing
zeroth-order algorithm described in Table 2.1, such as [7,31,59)].

Importantly, we also show that in the smooth case, the query complexity of SZOHT
is independent of the dimensionality, which is significantly different to the dimensionality
dependent results for most existing ZO algorithms. Indeed, it is known from [77] that the
worst case query complexity of ZO optimization over the class F, j, of v-strongly convex and
L-smooth functions defined over a convex set X is linear in d. Our work is thus in line with
other works achieving dimension-insensitive query complexity in zeroth-order optimization
such as [7,30,31,31,61,77,91,135,119], but contrary to those, instead of making further
assumptions (i.e. restricting the class F, 1 to a smaller class), we bypass the impossibility
result by replacing the convex feasible set X' by a non-convez set (the ¢y ball), which is
how we can avoid making stringent assumptions on the class of functions f.

Contributions. We summarize the main contributions of our paper as follows:

1. We propose a new algorithm SZOHT that is, up to our knowledge, the first zeroth-order
sparsity constrained algorithm that is dimension independent under the smoothness
assumption, without assuming any gradient sparsity.

2. We reveal an interesting conflict between the error from zeroth-order estimates and the
hard-thresholding operator, which results in a minimal value for the number of random
directions ¢ that is necessary to ensure at each iteration.

3. We also provide the convergence analysis of our algorithm in the more general RSS
setting, providing, up to our knowledge, the first zeroth-order algorithm that can work
with the usual assumptions of RSS/RSC from the hard-thresholding literature.
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2.2 Preliminaries

Throughout this paper, we denote by ||z|| the Euclidean norm for a vector € R%, by
||z||so the maximum absolute component of that vector, and by |||y the £y, norm (which is
not a proper norm). For simplicity, we denote f¢(-) := f(-,&). We call up (resp. Vpf(x))
the vector which sets all coordinates ¢ & F' of u (resp. Vf(x)) to 0. We also denote by x*
the solution of problem equation 2.1 defined in the introduction, for some target sparsity k*
which could be smaller than k. To derive our result, we will need the following assumptions

on f.

Assumption 1 ((vg,s)-RSC, [76,88,96, 108, 116,133, 157]). f is said to be vy restricted
strongly convex with sparsity parameter s if it is differentiable, and there exist a generic
constant v, such that for all (z,y) € R? with || — y|lo < s:

[@) 2 f(@)+ (Vf(@).y @)+ Z e - y|? (2:2)

Assumption 2 ((Ls, s)-RSS, [116,133]). For almost any &, fe is said to be Ly restricted
smooth with sparsity level s, if it is differentiable, and there exist a generic constant Ly
such that for all (z,y) € R with || — yllo < s:

IVfe(x) = Vie(y)ll < Ll -yl (2.3)

Assumption 3 (02-FGN [64], Assumption 2.3 (Finite Gradient Noise)). f is said to
have o-finite gradient noise if for almost any §, fe is differentiable and the gradient noise

o =o(f,€&) defined below is finite:

0? = Ee[||V fe(z") 3] (2.4)

Remark 1. Even though the original version of [0/] uses the €y norm, we use the s norm
here, in order to give more insightful results in terms of k and d, as is done classically in
Uy optimization, similarly to [105]. We also note that in [0/], * denotes an unconstrained
manimum when in our case it denotes the constrained minimum for some sparsity k*.

For Corollary 2, we will also need the more usual smoothness assumption:

Assumption 4 (L-smooth). For almost any &, fe is said to be L smooth, if it is differen-
tiable, and for all (x,y) € R? :

IVfe(®) = Vie(y)ll < Lz -y (2.5)

2.3 Algorithm

2.3.1 Random Support Zeroth-Order estimate

In this section, we describe our zeroth-order gradient estimator. It is basically composed of
a random support sampling step, followed by a random direction with uniform smoothing on
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the sphere supported by this support. We also use the technique of averaging our estimator
over ¢ dimensions, as described in [94]. More formally, our gradient estimator is described

below: .
Vhela) = 223" (felar + o) = fe(a) (2.6
i=1
where each random direction w; is a unit vector sampled uniformly from the set S;é ={u €
R?: |Jullo < s2, ||u|| = 1}. We can obtain such vectors u by sampling first a random support
S (i.e. a set of coordinates) of size sy from [d], (denoted as S ~ U (([«i])) in Algorithm 2) and
then by sampling a random unit vector w supported on that support S, that is, uniformly
sampled from the set S& := {u € R? : ug_g = 0, |u| = 1}, (denoted as u ~ U(S2) in
algorithm 2). The original uniform smoothing technique on the sphere is described in more
detail in [57]. However, in our case, the sphere along which we sample is restricted to
a random support of size s;. Our general estimator, through the setting of the variable
s9, can take several forms, which are similar to pre-existing gradient estimators from the
literature described below:

o Ifsy =d, @fg(m) is the usual vanilla estimator with uniform smoothing on the sphere [57].

o [f 1 < 59 < d, our estimator is similar to the Random Block-Coordinate gradient
estimator from [39], except that the blocks are not fixed at initialization but chosen
randomly, and that we use a uniform smoothing with forward difference on the given block
instead of a coordinate-wise estimation with central difference. This random support
technique allows us to give a convergence analysis under the classical assumptions of the
hard-thresholding literature (see Remark 3), and to deal with huge scale optimization,
when sampling uniformly from a unit d-sphere is costly [30,31]: in the distributed setting
for instance, each worker would just need to sample an so-sparse random vector, and
only the centralized server would materialize the full gradient approximation containing
up to gss non-zero entries.

Error Bounds of the Zeroth-Order Estimator. We now derive error bounds on
the gradient estimator, that will be useful in the convergence rate proof, except that we
consider only the restriction to some support F' (that is, we consider a subset of components
of the gradient/estimator). Indeed, proofs in the hard-thresholding literature (see for
instance [157]), are usually written only on that support. That is the key idea which
explains how the dimensionality dependence is reduced when doing SZOHT compared to
vanilla ZO optimization. We give more insight on the shape of the original distribution of
gradient estimators, and the distribution of their projection onto a hyperplane F' in Figure
2.2 in Section 2.6. We can observe that even if the original gradient estimator is poor, in
the projected space, the estimation error is reduced, which we quantify in the proposition
below.

Proposition 1. (Proof in Section 2.5.3 ) Let us consider any support F' C [d] of size s
(|F| = s). For the Z0 gradient estimator in equation 2.6, with q random directions, and
random supports of size sy, and assuming that each fe is (Ls,, s2)-RSS, we have, with

19



@ng(a:) denoting the hard thresholding of the gradient V fe(x) on F' (that is, we set all
coordinates not in F to 0):

(a) |EVEfe(z) — Vife()|? < eup?
(b) EIVEfe()|® < epl|Vrfe(®)|? + ere | Ve fe(®)]| + capsi?

(¢) EllVrfe(@) = Vrfe(@)|” < 2(er + 1) Vefe(@)| + 25| Ve fe(@)]” + 2eaets’

. 2d (S — 1)(82 — 1)
th e,=1L2sd = 2
wi €y 5Sd, Er q(32+2)( -1 +3 )+ 2,
2d S(SQ — 1) QdLg SS9 (S — 1)(82 — 1) 2
c — d == 2 ]_ L d
- q(82+2)( d—1 ) e s q a—1 )Tt

(2.7)

2.3.2 SZOHT Algorithm

We now present our full algorithm to optimize problem 2.1, which we name SZOHT
(Stochastic Zeroth-Order Hard Thresholding). Each iteration of our algorithm is composed
of two steps: (i) the gradient estimation step, and (ii) the hard thresholding step, where the
gradient estimation step is the one described in the section above, and the hard-thresholding
is described in more detail in the following paragraph. We give the full formal description
of our algorithm in Algorithm 2.

In the hard thresholding step, we only keep the k largest (in magnitude) components
of the current iterate x'. This ensures that all our iterates (including the last one) are
k-sparse. This hard-thresholding operator has been studied for instance in [133], and
possesses several interesting properties. Firstly, it can be seen as a projection on the ¢
ball. Second, importantly, it is not non-expansive, contrary to other operators like the
soft-thresholding operator [133]. That expansivity plays an important role in the analysis
of our algorithm, as we will see later.

Compared to previous works, our algorithm can be seen as a variant of Stochastic
Hard Thresholding (StolHT from [110]) , where we replaced the true gradient of f¢ by
the estimator Vfe(z). It is also very close to Algorithm 5 from |7] (Truncated-ZSGD),
with just a different zeroth-order gradient estimator: we use a uniform smoothing, random-
block estimator, instead of their gaussian smoothing, full support vanilla estimator. This
allows us to deal with very large dimensionalities, in the order of millions, similarly to [30].
Furthermore, as described in the Introduction, contrary to [7], we provide the analysis of
our algorithm without any gradient sparsity assumption.

The key challenge arising in our analysis is described in Figure 2.1: the hard-thresholding
operator being expansive [133], each approximate gradient step must approach the solution
enough to stay close to it even after hard-thresholding. Therefore, it is a priori unclear
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whether the zeroth-order estimate can be accurate enough to guarantee the convergence of
SZOHT. Hopefully, as we will see in the next section, we can indeed ensure convergence, as
long as we carefully choose the value of q.

measures the quality of 7z (x)

V4 _ A/ Quality of
S /AR /A :)mq- e

/

|P§(I ;TIV};;’(;iE | Non-expansive ||Pk (qu/’_ Uﬁff(xl)/)l— Pk(a?)”
since ¥ >1 < ]'/”x - Uﬁff(x) - _f”

k thresholding

Figure 2.1: Conflict between the hard-thresholding operator and the zeroth-order estimate.

Algorithm 2: Stochastic Zeroth-Order Hard-Thresholding (SZOHT)
Initialization: Learning rate n, maximum number of iterations T, size of the
random directions support s, number of random directions q, number of
coordinates to keep at each iteration k = O(k*k*), initial point 2 with
2@ o < k* (typically 2 =0), .
Output: z’.
fort=1,...,T do
Sample & (for instance sample a train sample 7)
fori=1,...,gdo
Sample a random support S ~ U((E‘g))
Sample a random direction w; from the unit sphere supported on S:
Compute V fe(x!™";u;) = % (fe(x + pu;) — fe(x)) us;
end
Compute V fe(z!~) = % 9 Vie(x 1 uy)
Compute &' = &'~ — nV fe(z'1);
Compute &' = &! as the truncation of &' with top k entries preserved;
end

2.4 Convergence analysis

In this section, we provide the convergence analysis of SZOHT, using the assumptions
from section 2.2, and discuss an interesting property of the combination of the zeroth-order
gradient estimate and the hard-thresholding operator, providing a positive answer to the
question from the previous section.

Theorem 1. (Proof in Section 2.5.4) Assume that that each fg is (Ly, s’ := max(ss, s))-RSS,
and that f is (vs, s)-RSC and o-FGN, with s = 2k +k* < d, with d;k* >k > p?k*/(1—p?)?,
with p defined as below. Suppose that we run SZOHT with random supports of size ss,
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q random directions, a learning rate of n = ( and k coordinates kept at each

45FJV:1)L§,7
iterations. Then, we have a geometric convergence rate, of the following form, with x®
denoting the t-iterate of SZOHT:

b
Ellz® —z*| < (vp)" |2 — z* +( v )o+< i )u 2.8
|| I< Gl I+ (1=, T 28)

with CL:77<\/(4€FS+2)+€FC(d_k>+\/g>7 b= (%+U@),

2
2 v

pPP=1- m and y = \/1+ (k:*/k+ V(4 + k*/k) k:*/k:) /2

and  €p,cas, and €, are defined in equation 2.7.

(2.9)

Remark 2 (System error). The format of our result is similar to the ones in [157] and [110],
in that it contains a linear convergence term, and a system error which depends on the
expected norm of the gradient at x* (through the variable o). We note that if f has a
k*-sparse unconstrained minimizer, which could happen in sparse reconstruction, or with
overparameterized deep networks (see for instance [12/, Assumption (2)]), then we would
have |V f(x*)|| = 0, and hence that part of the system error would vanish. In addition
to that usual system error, we also have here another system error, which depends on the
smoothing radius p, due to the error from the ZO estimate.

Remark 3 (Generality). If we take sy < s, the first assumption of Theorem 1 becomes
the requirement that fe is (Ls, s)-RSS. Therefore, SZOHT as well as the theorem above
provides, up to our knowledge, the first algorithm that can work in the usual setting of
hard-thresholding algorithms (that is, (Ls, s)-RSS and (vs, s)-RSC [110,175]), as well as its
convergence rate.

Interplay between hard-thresholding and zeroth-order error Importantly, con-
trary to previous works in ZO optimization, ¢ must be chosen carefully here, due to our
specific setting combining ZO and hard-thresholding. Indeed, as described in [133], the
hard-thresholding operator is not non-expansive (contrary to projection onto the ¢; ball)
so it can drive the iterates away from the solution. Therefore, enough descent must be
made by the (approximate) gradient step to get close enough to the solution, and it is
therefore crucial to limit errors in gradient estimation. This problem arises with any kind of
gradient errors: for instance with SGD errors [116,163], it is generally dealt with either by
ensuring some conditions on the function f [116], forming bigger batches of samples [163],
and/or considering a larger number of components k kept in hard-thresholding (to make
the hard-thresholding less expansive). In our work, similarly to [163], we deal with this
problem by relaxing k£ and sampling more directions u; (which is the ZO equivalent to
taking bigger batch-size in SGD). However, there is an additional effect that happens in our
case, specific to ZO estimation: as described in Proposition 1, the quality of our estimator
also depends on k. Therefore, it may be hard to make the algorithm converge only by
considering larger k: higher k means less expansivity (which helps convergence), but worse
gradient estimate (which harms convergence). We further illustrate this conflict between
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the non-expansiveness of hard-thresholding (quantified by the parameter v [133]), and the
error from the zeroth-order estimate, in Figure 2.1. Therefore, it is even more crucial
to tune precisely our remaining degree of freedom at hand which is ¢q. More precisely, a
minimal value of ¢ is always necessary to ensure convergence in our setting, contrary to
most ZO setting (in which taking even ¢ = 1 can work, as long as other constants like 7
are well chosen, see for instance |92, Corollary 3|). The remark below gives some necessary
conditions on ¢ to illustrate that fact.

Remark 4 (Some necessary condition on ¢, proof in 2.5.5). Let k* € N* and assume, that
k is such that k > p?k* /(1 — p?)? (which ensures that py < 1), and that k < =% These
conditions imply the following necessary (but not sufficient) condition on q:

.ﬁ@>w;q>%§%¥%¢wm—&+2¢%ﬁmﬂ—n+ 1+§FEL¢

; =1: > 8k2d
o if so=1 q_—k%ﬂ

Remark 4 is just a warning that usual rules from ZO do not apply to SZOHT, but it
does not say how to choose ¢ to ensure convergence: for that we would need some sufficient
conditions on ¢ for Theorem 1 to apply. We give such conditions in the next section.

2.4.1 Weak/Non Dependence on Dimensionality of the Query Com-
plexity

In this section, we provide Corollaries 1 and 2, following from Theorem 1, which give an
example of ¢ that is sufficient to converge (that is, to obtain yp < 1 in Theorem 1), and
that achieves weak dimensionality dependence in the case of RSS, and complete dimension
independence in the case of smoothness.

Corollary 1 (RSS f¢, proof in Section 2.5.6). Assume that that almost all f¢ are (Ly,s" :=
max(sy, s))-RSS, and that f is (vs,s)-RSC and o-FGN, with s = 2k + k* < d, with
4k > | > (86k* — 12k2)k* (with k := =) . Suppose that we run SZOHT with random
support of size So, a learning rate of n = 1;%5/, with k coordinates kept at each iterations by

the hard-thresholding, and with ¢ > 2s + 6%. Then, we have a geometric convergence rate,
of the following form, with £®) denoting the t-iterate of SZOHT:

. va b
Bla® - @'l < (0)' 1o o+ (2 Yok (2 )0 20)

L—p
_2
1362 -
complexity (QC) to ensure that E||z®) — x*|| < ¢ + (1 w) o+ ( ),u is O(k*(k +
£)log(2)).

with a, b and v are defined in equation 2.9, and p = /1 — Therefore, the query
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We now turn to the case where the functions fg are smooth. The key result in that case
is that we can have a query complexity independent of the dimension d, which is, up to
our knowledge, the first result of such kind for sparse zeroth-order optimization without
assuming any gradient sparsity.

Corollary 2 (Smooth f¢, proof in Section 2.5.7)). Assume that, in addition to the conditions

from Corollary 1 above, almost all f¢ are L-smooth, with =2~ > k > (86k* — 12k*)k* (with

k= L), and take ¢ > 2(s +2), and sy = d (that is, no random support sampling). Then,

we have a geometric convergence rate, of the following form, with *® denoting the t-iterate

of SZOHT:

va vb
Blat” ~ 2l < (o) 2~ 27l + ({22 Yot (2 ) (2
L—7p L—7p

Therefore, the QC to ensure that E||z® — z*|| < ¢ + <i> o+ (11_1;/)> 1 is O(kklog(2)).

1=vp

Additionally, our convergence rate highlights an interesting connection between the
geometry of f (defined by the condition number k = Ly /v5), and the number of random
directions that we need to take at each iteration: if the problem is ill-conditioned, that is
k is high, then we need a bigger k. This result is standard in the ¢, litterature (see for
instance [157]). But specifically, in our ZO case, it also impacts the query complexity: since
the projected gradient is harder to approximate when the dimension £ of the projection
is larger, ¢ needs to grow too, resulting in higher query complexity. We believe this is an
interesting result for the sparse zeroth-order optimization community: it reveals that the
query complexity may in fact depend on some notion of intrinsic dimension to the problem,
related to both the sparsity of the iterates k, and the geometry of the function f for a given
S (through the restricted condition number k), rather than the dimension of the original
space d as in previous works like [59].

2.5 Proofs of the Main Results

2.5.1 Auxilliary Lemmas

Lemma 2.5.1 ( [137] (10)). Let p € N%, and denote p := 3., p;, we have:

c 2\ Pi ?:1F i +1/2
[sdg(ui) du = 211 F(p(f:djz/ ) (2.12)

Proof. The proof is given in [137]. ]

Lemma 2.5.2. Let F be a subset of [d], of size s, with (s,d) € N2. We have the following:

S
Ey st lurll < P (2.13)
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S
Euaiss || url® = pi (2.14)
+2)s
E 1_(542s 2.1
uNZ/{(Sd)HuFH (d+2)d ( 5)

Proof. We start by proving equation 2.14. Decomposing the norm onto every component
we get:

Eunsist|url® = Bysygsn D ul =Y Eyyysou; (2.16)
1EF i€F

By symmetry, each u; has the same marginal probability distribution, so

VZ c [d] . ]EuNLI(S’i d ZEuNU(S‘i (217)

We also know, from the definition of the /5 norm, and the fact that w is a unit vector, that
d

ZEUNU syl = By gy(se) Z u; = Eyogsn|u]® = Eyagysnl =1
=1

(2.18)
Therefore, combining equation 2.17 and equation 2.18
, s 1
VZ - [d] . ]Eu,\,u(sd)uz E (219)
Plugging this into equation 2.16, we get equation 2.14
s
B lurl? = 5 (220)

Using Jensen’s inequality, equation 2.13 follows from equation 2.14. Let us now prove
equation 2.15. By definition of the expectation for a uniform distribution on the unit sphere

1
Bussollurl’ = 27 | lurlau

We further develop the integral as follows:

[ sl = [ (et [ (St

i€F

(2.21)

(6,4)EF,j#i

s/ u‘lldu+2< )/ w’uidu (by symmetry) (2.22)
Sd 2 Sd

Using Lemma 2.5.1 in the expression above, with p(®) := (2,0
we obtain:

,...,0),and p® := (1,1,0,...,0),

by — A T@ +3) sts = 1) TTE, T(py +1/2)
/”“F” W= a2 Y T2+ d)
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(@) 65/ 2s(s — 1)/ 2(s + 2)s/7° (2.23)

(d+2)d0(d/2) ~ (d+2)dl'(d/2)  (d+2)dl(d/2)

Where in (a) we used the fact that I'(1) = /7 and I'(2) = ﬁ So:

Eouisn el = / | S+ 2 : (2.24)

Where (b) comes from the closed form for the area of a d unit sphere: 5(d) = 25@; O
Lemma 2.5.3 ( [57], Lemma 7.3.b).

Eyyystyun’ = éI (2.25)

Proof. The proof is given in [57]. O

Lemma 2.5.4 ( [133], Theorem 1; [157], Lemma 17). Let b € R¢ be an arbitrary d-

dimensional vector and a € R? be any k-sparse vector. Denote k = |lallo < k, and by, the
vector b with all the d — k smallest components set to 0 (that is, by, is the best k-sparse
approximation of b). Then, we have the following bound:

B+ (4+ )3
2 )

min{k, d — k}

b o 2<5 b_ 2 (5:1 — —
[br, — al|” < 6][b—all, + k—k + min{k,d — k}

8=

Proof. The proof is given in [133]. O

Corollary 2.5.1. With the notations and variables above in Lemma 2.5.4, we also have
the following, simpler bound, from [157]:

[br — a < ~[|b—al (2.26)
with

v = \/1 + <k/k +1/ (4 + k/k) k/k) /2 (2.27)
Proof. There are two possibilities for 4 in Lemma 2.5.4: either 3 = % (if d —k > k) or

B = % (if d — k < k). In the latter case:
- - k—k _k—k k—k k—k d—k k
d—k<k —= d—-k<k = — > _ e < s <X
- - d—k — k d—Fk — k d—k ~ k
(2.28)

Therefore, in both cases, 3 § , which, plugging into Lemma 2.5.4, gives Corollary 2.5.1. [J
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2.5.2 Proof of Proposition 1
With an abuse of notation, let us denote by f any function f¢ for some given value of the
noise &. First, we derive in section 2.5.2.1 the error of the gradient estimate if we sample

only one direction (¢ = 1). Then, in section 2.5.2.2, we show how sampling ¢ directions
reduces the error of the gradient estimator, producing the results of Proposition 1.

2.5.2.1 One Direction Estimator

Throughout all this section, we assume that ¢ = 1 for the gradient estimator V f (x) defined
in equation 2.6.

Expected Deviation From The Mean.

Lemma 2.5.5. For any (L,, s2)-RSS function f, using the gradient estimator V f(z)
defined in equation 2.6 with ¢ = 1, we have, for any support F' € [d], with |F| = s:

. 2
HE [fo(:n)] . fo(w)H < e (2.29)
with €, = L2, sd
Proof. From the definition of the gradient estimator in equation 2.6:

f(@ + pu) — f(x)
0

IEVrf(2)] - Vif(@)] = HEd wr—Vef@| (@230

Now, (Ls,, s2)-RSS implies continuous differentiability over an ss-sparse direction (since
(Ls,, $2)-RSS actually equals Lipschitz continuity of the gradient over any s,-sparse set,
which implies continuity of the gradient over those sets). Therefore, from the mean value
theorem, , we have, for some ¢ € [0, u|: w = (Vf(x + cu),u). We now use the
following result:

T (a) 1 1 ® 1 59 1

= Egssoa—Is = S—ESNSS2dIs = ——I=-1 (231)
2

Euu’ = Eg. s, 4E U
ss2d=u~U(SE) S9 So d d

Where for (a) comes from applying Lemma 2.5.3 to the unit sub-sphere on the support

S, and (b) follows by observing that each diagonal element of index i actually follows a

Bernoulli distribution of parameter %, since there are (dill) arrangements of the support
2 d—1 )

which contain i, over (i) total arrangements, which gives a probability p = ((QT_)I =

(d—1)ls!(d—s2)! "

(s2—D)(d—1—(s3—1))ld!

This allows to factor the true gradient into the scalar product:

= 2 to get the value 1 at i.

IE[VEf(2)] = Vef(@)| = dE(Vf(@ + cu) = V(@) u)up]|

27



< dE||upu" [V f(z + cu) - V()] (2.32)

where the last inequality follows from the property E[|X — EX||? = E|| X|]? — [|[EX||?,
which implies |[EX|| = /E[| X2 — E[[(X — EX)|]? < E||X]], for any multidimensional
random variable X . Using the Cauchy-Schwarz inequality, we obtain:

B[V f(@)] = Vif (@) < EsnssiBusy lurll|ull| Vs f (@ + cu) = Vsf(@)]| (2.33)

Since f € (Ls,, s2)-RSS and |lusl|o < s2, we have: ||Vsf(x + cu) — Vgf(z)| < Lg,|lcul|.
We also have ¢ € [0, u], which implies [|cu|| < pl||w||. Therefore:

IE[Vrf(2)] = Vif(@)| < EsBudLpullur|||ull|u)]| = EsEudLg,plwp||w|
1SN F|

59

(a)
= EsEudLSQ/L“'LLFH S dLSQIMEsEu

(b) SNFE k
< dLg, Es' | = dLSQ,U\/EkESHSﬂHkS_
2

52
SS9
= dLgy gy | = = Lo,uV'sd (2.34)
dSQ
Where (a) follows from Lemma 2.5.2, restricted to the support S, and (b) ]

Expected Norm.

Lemma 2.5.6. For any (Ls,, S2)-RSS function f, using the gradient estimator @f(x)
defined in equation 2.6 with ¢ = 1, we have, for any support F' € [d], with |F| = s:

E|Vrf(@)® = erllVrf(@)|® +er

Ve f(2)]|? + capsit? (2.35)

with:
s—1)(s2—1
(i) er = 32+2) <( Slee=l) 3)

s(s 1)
(ZZ) Efe = 82+2 < = )
(iii) €qps = 2dL2ss9 <(S (S =D 4 1>

Proof.
E|Vrf(z)|? = E' ik M? - f<m>uF
2
_ E%U(a} + pw) — f(x)]?|lupl®

d2

= “GEL -+ ) — (@) — (VS (@), ) + (VS @), )| (236)
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Using the mean value theorem, we obtain that for a certain ¢ € (0, ), we have:

fl@ + pu) — f(x) = (Vf(x + ), pu) (2.37)

Therefore, plugging this in the above:
E|Vef(@)|® < PELVf(z +cu) = V(@) u) + (Vf(2),w)]|ur]?

< P [2(V f(a + cu) — V(@) w)? sl + (V5 (@), ) ur]
< 2PE(|V f (@ + cw) — VF(@) | Jul?lur | + (VS (), 0)? ur]

(§)2d2 BIL e [ul*|wl®lupl® + (Vf (), w)*ur|]
D 2PRIL2 P w1 + (V f (), w)?|lur |
= 2d’[L3u’Ellur|® + V(@) (Buu’ ur|?) V()
= 2d°[L3 1 E|lur | + V(@) (EswssaiBoyspyun’ |url?)V /()]

d
D 2L 1 up || + Essssd VS (@) (Bygysoyvn” [url?)Vf(@)] (2.38)

Where (a) follows from the fact that for any (a,b) € R? : (a+b)* < 2a®+20?, (b) follows from
the Cauchy-Schwarz inequality, (c) follows from the fact that ||u|| = 1 since u € SZ, and
(d) follows by linearity of expectation. Let us turn to computing the following expression
above: EuNu(sg)uuTHuFHz. We start by distinguishing the indices that belong to F' and
those that do not. By symmetry, denoting 41, ..., ¢s; the elements of F"

Eyrisyi uell® = . = Eqyysayus, (2.39)
Therefore, for all 7 € F:
EuNU(sg)Uz?HUFHQ Z |’U/F||2
=1
1 Z  Jur? = o furl* (240
u, u .
TS s B T s

By definition of the restricted d-sphere on F (see section 4.6.1), for all uw € SZ, if i & S:
u; = 0. Therefore, since the exact indices of the elements of F' do not matter in the
expected value equation 2.40, but only their cardinality, equation 2.40 can be rewritten
using a simpler expectation over a unit |S|-sphere as follows :

Eyistyllurl* = Eqyysisyllugsamy [l (2.41)

Using Lemma 2.5.2 to get a closed form expression of the expected value above, we further
obtain:

L |SNF|(|SNF|+2) [SNF|+2

\V/ F ]E 2 2 =
i wri(sH); |ur |t = SAF] d(d + 2) d(d + 2)

(2.42)
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Similarly, by symmetry, denoting iy, ...,74_s the elements of F:
Eu~u(sg)’u?j Jupl = ... = Ewu(sg)’“?j||UF||2 (2.43)

Therefore, for all i € F"

B uispywllurl” = ZEM syl lurl® = =—E, s Zu Ak
@ 1
=z SEu~u(sg>(HuH2 = Jur )]
O L5, ol — Eoysp ) (2.44)
T g g unUESHITE unU(SE) .

Where (a) follows from the Pythagorean theorem and (b) follows from ||u| = 1. Similarly
as before, rewriting those expected values and using Lemma 2.5.2, we obtain:

| 1 [SNF|d+2-(SNF|+2)) [SNF]
Vig F:E ; = -
(2.45)

Finally, by symmetry of the distribution U(S8%), we have, for all (4, j) € [d]? with i # j:
Eyrstyitsi|url? = Eyysa) (—ui)usllupl® = —Eygyshu|ur| (2.46)
Therefore, for all (i,7) € [d]?,i # j:
EUNM(Sg)Uz’UjHUFHz =0 (2.47)

Therefore, combining equation 2.42, equation 2.45 and equation 2.47, we obtain:

5]
)
EuNL{(sg)UUTHUFHQ = . (2.48)
Qg
|SNF|+2
' , gy Hi€F . . . ,
With, for all i € [d] : a; = { 555 . Plugging this back into equation 2.38, we
FICE)] ifig F

obtain:

A= BV (@) (Besgyuns urll?) V()]

S0 £ +2 SN F|
= gy | T2 50Fl g
s gd{32(52—|—2) $o(82 )” S\(SNF) f(x)
1

= 5y 3 Bt SO FI I Vinsf @)]

+2Esssga [[IVEnsf (@)|” + 1S 0 F| [ Vsysnr f(@)]]] (2.49)

I

IV snef (2)[* +
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We will now develop the expected values above using the law of total expectation, to exhibit
the role of the random variable k& denoting the size of S N F. Given that we sample s
indices from [d] without replacement, k follows a hypergeometric distribution with, as
parameters, population size d, number of success states s and number of draws sy, which
we denote H(d, s, s2). For simplicity, we will use the following notations for the expected
values: E[-] := Eppiasso -], and Egjsnpj=k[-] = Es~sssd)snrj=k[-]. Therefore, rewriting
equation 2.49 using the law of total expectation, we obtain:

1
=—— [E,E ik 2 4 oK, E _ 2
32(32+2)[ kEs)snr=kk | Vsnr f(@)|” + 2ExEs)isnp=k | Vsnr f ()]

+EEs)snri=ik ||V s\snm) f (@) |I°]
L [BkEsysorin [ Vs f () + 2EsEsysopios | Ve £ ()]

S9 (SQ -+ 2)

+EckEs)snr=kl| V s\(snm) f () |I] (2.50)

To compute the conditional expectations above, let us consider the first of them (the other
ones will follow similarly) : Egjisnrj=k||Vsnrf(x)||*. Given some k, from the multiplication
principle in combinatorics, we can have (Z) (S‘i__‘z) arrangements of supports such that &
elements of that support are in F' (because it means there are k elements in F' and sy — k

elements outside of F'). So the conditional probability of each of those supports S, assuming

~1
they indeed have at least one element in common with F', is ((Z) (iﬁi)) . Otherwise it is

0. To rewrite it:
-1
d\ ( d—s .
P(S|ISNF|=k) = ((k) (52_k)> if SNF # o
0if SNF #9

So, developing Eg|isnrj=k||Vsnrf(x)||* using the definition of conditional probability, we

have:

Esjsnr=k||Vsnrf(z)]]* = ZP S| |SNF|=k) Z V.f(x

i€SNF

) S/ISOZF| i ((Z) <sci_—2)> ie;FVif(w)Q

(D > v

S/|SmF| ki€SNF

D)
(( >( )) i€k S/( |SmF| k).(539) v
(()(E2) 2Go) ()

zgzvifw

icF

—
S
=

—
=
=
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= ZIVef (@) (2.51)

Where (a) follows by re-arranging the sum, and (b) follows by observing that by the
multiplication principle, there are (Zj) ( - S) possible arrangements of support such that:
(|ISNF|=k), (S > 1), since one element of S is already fixed to be 4, so there remains k — 1
indices to arrange over s — 1 possibilities, and still s; — k indices to arrange over d — s
possibilities. Similarly, to equation 2.51 we have, for the second expectation:

=2

d—

Esiisnri=kllVs\(snr) f(x) f(x)|? (2.52)

Therefore, plugging equation 2.51 and equation 2.52 into equation 2.50

- 1+ ) [ IVef(@)]]? [Epk? + 2Eek] + || Vre f(2)]? d8—2 - (Exk) - disEkaH

(253)

Since k follows a hypergeometric distribution H(d, s, o), its expected value is given in
closed form by: Eixk = *3# (see [147], section 2.1.3). We can also express the non-centered
moment of order 2, usmg the formula for Var(X) = E[X?] — (E[X])?, which holds for a
random variable X, where Var(X) denotes the variance of X:

a d—sd—s 559\2 S8Sy [d—sd—s ss
Eek® = Var(k) + (By[k])? < 522 2y (2)y 252 22
k Var(k) + (Ex[k]) d d d—1 (d) d d d—1+d

889 <d2 — sd — s9d + SS9 + SSod — 352) 559 (d— S — S +332)
=— °°2

d(d—1) T d d—1
_ 5% <(5 —Dl=1) | 1) (2.54)

d d—1

Where (a) follows by the closed form for the variance of a hypergeometric variable given
in [147]. Therefore, plugging in into equation 2.53:

BV (@) (B s’ ) V2
— o IV | (B ) et

s2(s2 + 2) d d—1 d
1 o[ s2 sso 1 ssy ((s—1)(sg—1)
+32(52+2)HVF J@)l [ 87—61—87( d—1 +1)}

- L [iwesere [5( )]
Ve fla !\2{ d(sz—(s_l Si_l)“»H
=y 9@ ()]
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Avesal [ (- (o)) (2.55)

Let us simplify the rightmost term:

o (- () = i

b dod] s

(2.56)

Plugging it back into equation 2.55:

EsVf(®)" (Eugsuu’ |url?) V f(z)

— oy [Ief@I (S22 ) e ()] e

Finally, plugging this back into equation 2.38:

E|[V S ()| = 20 [ L2,1°Ellur|* + V f(2)" (Buu” |up|?) Vf ()]

= 20 | L2 i By Busnrisllur |2 + V f(2)" (Bua” fus|?) Vf ()]

pye L2 PR + Y f()T (Bun” |ur)?) V f(x)}

— d2L§2u2552 ((8 — - 1) + 1)

d—1
b 9@ (S )
HIve @ () (258

2.5.2.2 Batched Version of the One-Direction Estimator

We now describe how sampling ¢ > 1 random directions improves the gradient estimate.
Our proof is similar to the proof of Lemma 2 in [95], however we make sure that it works
for our random support gradient estimator, and with our new expression in 2.5.6, which
depends on the two terms ||V f(x)||? and |V g f(x)||?. We express our results here in the
form of a general lemma, depending only on the general bounding factors ep, epc, €aps and
e, defined below, in such a way that the proof of Proposition 1 follows immediately from
plugging the results of Lemma 2.5.5 and 2.5.6 into Lemma 2.5.7 below.

Lemma 2.5.7. For any (Ls,, s2)-RSS function f, we use the gradient estimator Vf(z)
defined in equation 2.6 with ¢ > 1. Let us suppose that the estimator V f(x) is such that for
q =1, it verifies the following bounds for some cp, €pe, €aps and €, in RY, for any support
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F € [d], with |F| = s:

(i) |EVpf(z) = Vef()|® < eup?, and

(it) |[EVpf (@) < epl|Vef(@)l* + cpel| Ve f (2)* + capsps®
Then, the estimator V f(z) also verifies, for arbitrary ¢ > 1 :
(a) |[EVEf(x) — Vif(@)|* < eup?

O E[Vef@)]| < (2 +2) IVes@I? + 2| Vpe f@)|? + (2= + 22, ) 2

Proof. Let us denote by V f (@; (u;)l_,) the gradient estimate from equation 2.6 along the
i.i.d. sampled directions (u;)L, (we simplify it into V f(a;w) if there is only one direction
u). We can first see that, since the random directions u; are independent identically
distributed (i.i.d.) we have:

EV f(x; (u;)_,) = E- ZVf x;u;) ZEVf x:uy) = EVf(z;u) (2.59)

This proves 2.5.7 (a). Let us now turn to 2.5.7 (b). We have:
2
2 IR
} =E 5ZVFf<w;ui>
i=1
1 “. T/a
- ?]E (Z Ve f(z; uz)) <Z Vi f(x; u»)
i=1 i=1
1 I ) )
= 2 DB Vel w) Ve f(iu)|

E— j=1

E |:H@Ff(wv (wi)iy)

—

2 EIV @)+ Y 3 BV (i) BV @)

i=1 j=1(j#i)
1 - .
= 3 [PV e @) | + ala = DIEVef ;)]
® 1 2 2 2 - 2
< o3 |0 [erIVef @) +ere Ve @)1+ caert’] +a (g — 1) |[EV 5 s )|

(2.60)

Where (a) comes from the fact that the random directions are i.i.d. and (b) comes from
assumptions (i) and (ii) of the current Lemma (Lemma 2.5.7). Assumption (ii) also allows
to bound the last term above in the following way:
BV i f (5 i) [P < 2| Ve f(@;wi) — BV f(a;w)|” + 2/ Ve f (@ u)|?
< 2eu” + 2|V f (@ w)|* (2.61)

Plugging equation 2.61 into equation 2.60, we obtain:

EFec

Vet ()|

U\Wf ) ] Clr+2a - DI IVef@)IF +
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1
Ty [eapsit® +2(q — 1) eupt’]

€ £ pe Eabs
s(§+2> Ve @ + s <w>||2+( : +2su) 2 (262)

[]

2.5.3 Proof of Proposition 1

Proof. Proposition 1 (a) and (b) follow by plugging the values of ep, cpe, €ans and ¢,
from Lemma 2.5.5 and Lemma 2.5.6 into Lemma 2.5.7. Proposition (c) follows from the
inequality [|a + b||* < 2||a||* + 2]||b||?, for @ and b in R? with p € N*. O

2.5.4 Proof of Theorem 1

Proof. We will combine the proof from [157] and [114], using ideas of the proof of Theorem
8 from Nesterov to deal with zeroth order gradient approximations, and ideas from the proof
of [157] (Theorem 2 and 5, Lemma 19), to deal with the hard thresholding operation in the
convergence rate. Let us call n an arbitrary learning rate, that will be fixed later in the proof.
Let us call F' the following support F' = F¢~Du F® Usupp(z*), with F® = supp(z!). We
have, for a given random direction v and function noise &, at a given timestep ¢ of SZOHT:

la* — 2" — Vi fe(®") +nVefe(@)|® = |2' — 2"|° = 2n(z' — 2", Ve fe(x") — Vi fe(x))
+0*[[Vefe(®') — Vi fe(z)|? (2.63)
Taking the expectation with respect to £ and to the possible random directions uy, ..., u,
(that we denote with a simple u, abusing notations) at step ¢, we get:
Egullz’ — @* =V pfe(@') +nV e fe(@)|?
= |2’ — 2"||* — 2n(a’ — &" Eeu[Vrfe(z') — VEife(z")])
+ 0 Eeul Vefe(a') — Vi fe(z")|
= 2" — 2| — 2n(z" — =" Beu[Vr fe(z') — Vrfe(z)])
= 2n(z’ — 2" E¢[Eu Vi fe(x') — Vi fe(a")]) + Egur’|[ Vi fe(x') — Vi fe(")|?
= |z’ —a"|]* - 2n(z’ — 2’ fo(fvt) — Vrf(z"))
= 2(y/nLy (z' — "), \/—L ——(BeBu[Vrfe(a') — Vi fe(x"))])

+Eeu)’ | Vife(@') — Vi fe(a”)|?

(a)
< Hwt — | = (2’ — ", Vpf(@') - Vef(x)) + Ly |z — 2"

L2 EsHE Vife(x') — Vefe(@))|]? + 7°Eeul Ve fe(z') — Vrfe(z)|? (2.64)
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Where (a) follows from the inequality 2(u,v) < [Ju|® + [|v]|? for any (u,v) € (R%)2.
From Proposition 1 (b), since almost each f¢ is (Ly, s’)-RSS (hence also (Ly, s2)-RSS), we
know that for the ep, epe and e,p,s defined in Proposition 1 (b), we have for almost all &:
Eu||Vefe(®)|? < epl|Vefe(x)||? + epe||V e fe(x!)||? + capsps®. This allows to develop the
last term of equation 2.64 into the following:

EeulVife(x') — Vife(@)|? < 2Beu|Viefe(@)|? + 2Ee|| Vi fe ()]
< 2epBe | Vi fe(a)|” + 26 peBel|V pe fe () ||
+ 2051’ + 2Ee|| Vi fe(27)]°
< 2ep [2B¢||VE fe(x!) — Vi fe(®)]]? + 2Ee ||V i fe ()]
+ 2epe 2B ||V pe fe(x!) — Ve fe(27)]
+2Ee ||V e fe(x*)||?] + 2eabspt® + 2B¢|| Vi fe(x*) || (2.65)

Just like the proof in [157], we will express our result in terms of the infinity norm of
V f(x*). For that, we will plug above the two following inequalites: Same as their proof
of Lemma 19, we have [|[Vgf(z*)|| < ||Vsf(2*)| (that is because we will have equality if
the sets in the definition of F, namely F¢~V F® and supp(zx*), are disjoints (because
their cardinality is respectively k, k and k*), but they may intersect). And we also have
IVsf(x*)|3 < s||Vf(z*)||%, (by definition of the f3 norm and of the £, norm). Similarly,
we also have: ||Vpef(x*)||3 < (d—k)||Vf(x*)|%, since |F¢| < d — k.

Therefore, we obtain:

Eeul|Vrfe(z') — Vi fe(z)]?
< AdepBe||Vife(x') — V fe(x?)||* + depeBe | Ve fe(x') — V fe(x™)|?
+ ((4eps +2) + epe(d — k)Ee |V fe (@) 12, + 2eansps”

(a)
< depBe||V fe(x') — Vfe(x )|I* + ((4eps +2) + epe(d — k) Ee[|V fe(z™) 15 + 2€aéosu2 |
2.66

Where (a) follows by observing in Proposition 1 (b) that epe < ep, and using the definition
of the Euclidean norm. Let us plug the above into equation 2.64, and use the fact that,
from Proposition 1 (a), since each fg is (Ly, s’ := max(ss, s))-RSS, it is also (Ly, s2)-RSS,
so for the ¢, from Proposition 1 (a), we have, for almost any given &: ||E,Vpfe(x') —
Viefe(xh))]]? < e,u?, and let us also use the fact that since each f¢ is (Ly, max(ss, s))-
RSS , it is also (Lg, |F|)-RSS (since |F| < s) which gives that for almost any &: fe:
|V fe(x') — V fe(x*)|]* < LA||2' — x*||?, to finally obtain:

Eeullz' — 2" — 0V fe(@') + 0V fe(z")]
< (UL +depn’ L) |&" — a*||* — 2n(x' — a* B[V fe(x') — V fe(a™)])

9 *
gt Pt 7P (des + 2) + 2pe(d — ) Ee |V ()

= (L+0° LY +depn’Ly) 2" — a*||* — 2n(2' — 2", Vf(a') - Vf(z"))
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€ *
+ o i 2 it 4 7 (ders £ 2) + epe(d — B)Ee [V f (@) (2.67)
Since f is (vs, 5)-RSC, it is also (v, |F|)-RSC, since |F| < 2k + k* < s, therefore, we have:
(' —x*, Vf(z') — Vf(x*)) > vz’ — x*||* (this can be proven by adding together the
definition of (vs, s)-RSC written respectively at @ = x',y = *, and at * = x*,y = z').
Plugging this into the above:

Eeullz' — 2" — Ve fe(@') + 0V fe(z)|
< (1—2nvs + (dep + 1) L20?) " — *|?

€ *
L2+ Pewop® 4 (deps +2) +erc(d — B)Ee| Vel )2 (2.68)

+

The value of 1 that minimizes the left term in 7 is equal to ( (because the optimum

4sFig1)L§,
of the quadratic function az? + bx + ¢ is attained in —% and its value is —% + ¢). Let us

choose it, that is, we fix n = m. Let us now define the following p:
41?2 V2
2 s s
=1 — =] - —= 2.69
P 4(4ep + 1) L3 (4dep +1)L% (2.69)
We therefore have:
Eeule’ — 2" —nVefe(@') +nVefe(@)|” (2.70)
k (C_’-: *
< PP’ — &P + 5+ 20 eanei® + 0 ((deps +2) + epe(d — k))Ee||V fe(a") |2

L3
(2.71)

We can now use the fact that for all (a,b) € (Ry)?: va +b < \/a+ Vb, as well as Jensen’s
inequality, to obtain:

Eeulle! - a* — nVrfe(@!) + 1V fe()| (272)
9
< plla — |+ B + (s +2) + 2 (d — R)EV el 2
(2.73)

We can now formulate a first decrease-rate type of result, before the hard thresholding
operation, as follows, using for 7 the value previously defined, and with:

y=axt — U@Ffs (z") (2.74)

Eeully' — 27| = Egu |2 = 0Vi fe (') — 2
< Beu |2 = @ = 5 Vrfe (&) + 1 fe(@)|| + nEe | Vi fela)]

— Bea||2' — 2" — nVife (2') + 0V fe(@")|| + B/ | Vi fela)]|?
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< Beu [[2' — @ — uVife (@) + 0V e fela)]| + ny/Be Ve fe(e)|
< pllat — || +n(y/ ((4=ps + 2) +epe(d — k) Ee |V (@)%
+ v\ Ee ||V e(@)]2) +
= pllat — 2*|| + n(\/Cers + 2> Tere(d— k) +v/5)\ e |V fe(@)II%.
+L£jm+wm
(v (4eps +2) + epe(d — k) +/s5)o
+€?u+m@ggﬁ

< plla’ —@*|| + n(v/(deps +2) + epe(d — k) + V/5)o

25abs,u

<ol e

2 abs 12 (2.75)

o
Ly

Where (a) follows from the o-FGN assumption. We now consider ‘"', that is, the best-
k-sparse approximation of 2! := &' — nV fe (') from the hard thresholding operation in
SZOHT. We can notice that x% = ' (because supp(x!) = F® C F), which gives y* = L.
Since F**1) C F, the coordinates of the top k magnitude components of z! are in F, so
they are also those of the top k magnitude components of 2t = y*. Therefore, '™ is also
the best k-sparse approximation of y*. Therefore, using Corollary 2.5.1, we obtain:

|l — 2| < 4lly" — 27 (2.76)

with:

= \/1 + (k*/k + VA + k) k*/k) /2 (2.77)
Where k* = ||x*||o. Plugging this into equation 2.75 gives:
(v (4eps +2) +epe(d — k) +V/5)o (2.78)

+7i_u+nv%%w (2.79)

t+1

E¢ulle™ —z*|| <yplla’ —

This will allow us to obtain the following final result:

||z — (\/(45Fs+2)+ch(d—k) +\/§) o
€
+7<%z+n%5£>u (2.80)
:;,b
with n = (ZIEF"W and p? =1 — ﬁ. We need to have py < 1 in order to have a

contraction at each step. Let us suppose that k > p?k*/(1 — p?)?: we will show that this
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value for k£ allows to verify that condition on py. That implies % < (1;#. We then have,
from the definition of v in equation 2.77:

Y <1+ (l_p#
=1+ (1;2/)2)2
14 ((1 _[)2/)2)2
:1+<1;2p2)

VoA
+\/(4p2+1—;2p4—2p2> (1 _/)2/)2>2>%

+¢u+wwnww>1
p! 2

1

_ L (2.81)

02

Therefore, we indeed have py < 1 when choosing k > p?k* /(1 — p?)%.

Unrolling inequality equation 2.80 through time, we then have, at iteration ¢ 4+ 1, and
denoting by £ the noise drawn at time step ¢+1 and u'™ the random directions uy, ..., u,
chosen at time step t + 1, from the law of total expectations:

Ella*" - 27| = Egt

<

<

<

et Berrt g e gt gt [l — 2|
Eet ..ot [Yoll2" — || + vao 4 vby)
VPEet g1 [[|2" — 7 ||] + yao + ybp

(79) Bet-1 i1 e [l — 2*[]] + (yp) a0

+ a0 + (yp)*b + by

(o) 2@ — 2| + (Z(WJ)") yao + (Z(VP)Z) by

(), 1)

_ t+14[,.(0) *
= (yp v/ —x"|| + yao You
(o) I+ 2
< ()2 — || + vao + Tbu (2.82)
L—=np L—=np
Where the last inequality follows from the fact that py < 1. O

2.5.5 Proof of Remark 4

Proof. We show below that, due to the complex impact of ¢ and k£ on the convergence
analysis in our ZO + HT (hard-thresholding) setting (compared to ZO only), ¢ cannot be
taken as small as we want here (in particular we can never take ¢ = 1, which is different
from classical ZO algorithms such as |92, Corollary 3|), if we want Theorem 1 to apply with
py < 1. In other words, there is a necessary (but not sufficient) minimal (i.e. > 1) value

for q.
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A necessary condition for Theorem 1 to describe convergence of SZOHT is that py < 1.
From the expressions of p and v We have p = p(q,k), and v = ~(k). We recall those
expressions below:

v = \/1+ (k*/k+ VAR TR k*/k) /2

2

2 _ v o o 1 . _ LS/
=1 eI = 1 G with kK = o

with: ep = q(sz‘iQ) <(S_2(_Sf_1) - 3) +2, with s = 2k +k* (we consider the smallest s possible

from Theorem 1)
So therefore:

9 1
e T 3+ 0] 2
q(32+2)( d—1 + ) + k
1
=1- 8d  ((2k+k*—1)(s2—1) (2.83)
IRty
|ty (el 4 5) 1 g w2

_16dk2(sa—1) L 8d  r(s2—1)(k*—1)
Let us define a := _75os2—5 and b := K> [q(s2+2)[ T 3+ 9]

We then have:
9 1

=l (2.84)

To ensure convergence, we need to have py < 1, therefore (following the same derivation
as in equation 2.81) a necessary condition that we need to verify is k > p*k*/(1 — p*)2.

Which means we need:

L
= 2
(akl-l-b)
k> [(ak +b)* — (ak + b)] k*
k> k* [a®k® + 2abk + b* — ak — b]

1
0> k*a’k* + (Qab — = a) 'k + (b —b) k* (2.85)

If we want that there exist a k£ such that this is true, we need (since k* > 0):

A>0 (2.86)

with:

1
A= k?(20b — -~ a)’ — 4k* a® (b* — b)
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1 ? 1
=k <4a2b2 + (k— + a) — 4ab <k— + a)) — 4k*%a® (b* — b) (2.87)
1 2 4ab
=k [4a*0* + — +a* + 20T 40— 402 + 4a*b
k* kx  k*
=1+ a*k* + 2ak™ — 4abk* (2.88)
A>0=1+a’k* + 2ak™ > 4abk* (2.89)
Let us express a and b in terms of ¢, as:
A 16dr> (s — 1)
a=— with A= 2.90
q (s2+2)(d—1) (2.90)
B ) 8d (se — 1) (k*—=1)
b=—+C with B=x" 3 2.91
q+ A " {(32—1—2)( d—1 + (291)
and with C' = 9 (2.92)
So plugging in equation 2.89, what we need is:
A? A A(B
14 —zk*z +2—k* > 4— (— + C) k*
q q qa \q
@? + A%k + 2Ak*q > 4ABK* 4+ 4C Agk*
¢* + q (2AK* — ACAK*) + A%k* — 4ABE* > 0 (2.93)
To ensure that, we need to compute A’, defined as:
A= (24k" — 4CAk™)? — 4 (A% — 4ABK")
= 4 A%k + 16C* A%k — 16C A’k*? — 4A%K** + 16 ABK*
= 16CA%k™(C — 1) + 16ABk* = 16 Ak* [k*C(C — 1)A + B] (2.94)
We now have:
C=9*=C>1=A">0 (2.95)
Therefore, there is a minimal value for ¢, and it is:
With:
= (24k* — 4CAk*) + \/16C A2k*2(C — 1) + 16ABk*
len - 2
2AK" (2C — 1) + /1642072 [C(C = 1) + ]
_ (2.97)
2
Case sy > 1: Assuming s; > 1 gives A > 0, and since A = 16d*(s2-1) 5 B =

(s2+2)(d—1)

8k2d [ (s2a—1)(k*—1)
S2+2( : d—1 +3)
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qolvegr B — 1 _ 1 4 3 d-l
This gives: Ak* 2 2k* + 2 k*(s2—1)

Therefore: g, = Ak* [20 -1+ 2\/0(0 —1)+ % _
with C' = 9x?, which reads:

1 3 d—1
o T 2 k*(s2—1)

1 1 3 d—1

16d(sy — 1)k* K> 11 .3
2 2k 2k (ss— 1)

min = 0, 79 (d— 1)

[1&:2 —1+ 2\/9/-@2(9/-@2 —1)+ ] (2.98)

Case sy = 1: In the case s = 1, we have A = 0, so therefore, from equation 2.97, ¢, = 0,
so the necessary condition on ¢ as above so that there exist k such that: k > p*k* /(1 — p?)?
does not apply here. We may therefore think that it may be possible to take ¢ = 1 in
that case. However, there is another condition on k that should also be enforced, which is
that k£ < d (since we cannot keep more components than d). And in that sy = 1 case, we
have a = 0, and b = £? [8% + 9] (from equation 2.90 and equation 2.91). Now, enforcing
the condition k > k*[(ak + b)*> — (ak + b)] = k*b(b — 1) leads to the following chain of
implications (i.e. each downstream assertion is a necessary condition for the upstream
assertion):

k d
201 and k<d = > (1)

k*
:>\/ +1>b:>\l +1>—+C
— \/—+1—02—
k* q
B d
— ¢>————— and C—4/—+1>0
d —C k*

L+1
B 8r2d

— > = > (2.99)
L+1 441

Where the last inequality follows from the expression of B in equation 2.91 when sy = 1.

So the right hand side in equation 2.99 is also a minimal necessary value for ¢ in this
case, though for a different reason than in the case s > 1.

]

2.5.6 Proof of Corollary 1

Proof. We first restrict the result of Theorem 1 to a particular q. By inspection of
Proposition 1 (b), we choose ¢ such that the part of er that depends on ¢ becomes 1:
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we believe this will allow to better understand the dependence between variables in our
convergence rate result, although other choices of ¢ are possible. Therefore, we choose:

q = sf—i 5 <<S — ;)Esi ) + 3> (2.100)

so that we obtain: €%, := 1+ 2 = 3 (from Proposition 1 (b)), which also implies :

/ Vs Vs

— = 2.101

T ag, w0, T 13IR (2.10)
and: 02 02
/2 vy Vs

=1-——2 =1 2.102

(4l + 1)L§, 13L§, ( )

Now, regarding the value of ¢, we also note that any value of random directions ¢” > ¢
can be taken too, since the bound in Proposition 1 (b) would then still be verified for &',
(that is, we would still have E||Vpfe(z)||?> < e%l|Vafe(@)||? + el Ve fe()]]? + €apett®)
(with &’ the value of ep. for ¢ = ¢).

Therefore, we will choose a value ¢” so that our result is simpler. First, notice that
s<d = 1—% <l-1 — % < % — =l < 2. Therefore, ifwetakeq22s—|—6%,

d d—1 =
we will also have ¢ > 522—7-2 <(s_1d)£812_1) + 3) =q.

Let us now impose a lower bound on k that is slightly (twice) bigger than the lower
bound from Theorem 1. As will become clear below, this allows us to have a py enough
bounded away from 1, which guarantees a reasonable constant in the O notation for the
query complexity (see the end of the proof). Let us therefore take:

2

and plug the value of p above into the expression:

2 1— 2 2\ 2 2

2 13L% 13L%

k> —L e ko e k> 2 ) s

(R EZAE 22 ) "o

13 13
— k> zk*(gﬁ)(?m? —1) (2.104)
With x denoting Ll:' Therefore, if we take:

k> (86k* — 12K7%)k* (2.105)

we will indeed verify the formula above k > 2k*(£x%)(££2 — 1).

We now turn to describing the query complexity of the algorithm: To ensure that (yp)*||z(® —
x*|| < e, we need:

log(L) log(||® — &) (2.106)

t> -
€

- log%
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with vp belonging to the interval (0,1). Let us compute more precisely an upper bound to
Py in this case, to show that it is reasonably enough bounded away from 1: Taking k as
described in equation 2.103, and plugging that value into the expression of v from Theorem
1, we obtain:

21y (% N \/<4 L a ;p§2>2) (1 ;,52)2) /2 (2.107)
B G =s P
@, L1=p (2.109)

2

Where the simplification in (a) above follows similarly to equation 2.81. Therefore, in that
case, we have:

1 1 1
22<2_|__1_2:_+21__
p<p \/5( p) N ( \/5)
1 2 1 21— %) @ 1
I o AV I W B S T 2.110
V2 I 13/{2)( \/5) 132 — 26K2 ( )
Where (a) follows because (1 — \/Li) ~ 0.29 > 1/4 Therefore:
1 1
> (2.111)
(P)? " 1— 5=
Given that log(tX=) > « for all 2 € [0,1), we have:
1 1
1 — > — 2.112
o ((m)g) ~ 20k? (2.112)
Therefore: ) 5
< 52k7 (2.113)

log(L) ~ log( L)
Therefore, plugging this into equation 2.106, we obtain that with ¢ > 52 log (%) log(||® —
z*||) = O(k?log(2)) iterations, we can get (yp)||x —x*| < e.

To obtain the query complexity (QC), we therefore just need to multiply the number
of iterations by the number of queries per iteration ¢ = 2s + 6%: to ensure (yp)||x —
x*|| < e, we need to query the zeroth-order oracle at least the following number of times:
(25 +62)52x log (L) log([|l” — a*[|) = O((k + L)rlog(1)), since s = 2k + k*.

2.5.7 Proof of Corollary 2

Almost all f¢ are L-smooth, which is equivalent to saying that they are (L, d)-RSS. So we
can directly plug sy = d in equation equation 2.100, which gives a necessary value for ¢ of:

2
d+2

q (s +2) (2.114)
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Since any value of ¢ larger than the one in equation 2.114 is valid, we choose ¢ > 2(s+2)(>
%(s + 2)) for simplicity. The query complexity is obtained similarly as in the proof
of Corollary 1 above, with that new value for ¢ (the number of iterations needed is
unchanged from the proof of Corollary 1), only the query complexity ¢ per iteration
changes), which means we need to query the zeroth-order oracle the following number of
times: 2(s + 2)52x? log (L) log([|x® — @*||) = O(krlog(2)) O

£

2.6 Visualization: Projection of the Gradient Estimator
onto a Sparse Support

Below we plot the true gradient Vf(z) and its estimator Vf(z) (for ¢ = 1), as well as
their respective projections Vpf(z) and Vg f(x), with F = {0,1} (i.e. F is the hyperplane
z = 0), for ng;, random directions. In Figure 2.2(b), due to the large number of random
directions, we plot them as points not vectors. For simplicity, the figure is plotted for u — 0,
and s; = d. We can see that even though gradient estimates \Y f(z) are poor estimates of
Vf(z), Vpf(z) is a better estimate of Vp f(z).

Vi),
IVf(z) - V()|
| Vf(x)
va(x)
Vrf(z) |Vrf(z) — Ve
(a) nair =1 (b) nair = 106

Figure 2.2: Vf(z) and V f(x) and their projections Vy f() and Vpf(x) onto F.

Remark 5. An interesting fact that can be observed in Figure 2.2(b) above is that when
1w — 0 and sy = d, the ZO gradient estimates belong to a sphere. This comes from the fact
that, in that case, the ZO estimate using the random direction w is actually a directional
derivative (scaled by d): V f(x) = d(V f(x),u)u, for which we have :
o d 2 2 2 d? 2
IVf(@) = SVF@)|" = d(V (@), w)"(u,u) + V()]

d? 9
= ZIvI@) (2115)

(since ||u|| = 1). That is, gradient estimates belong to a sphere of center 4V f(x) and

radius 4|V f(x)|. However, the distribution of Vf(x) is not uniform on that sphere: it is
more concentrated around 0 as we can observe in Figure 2.2(b).
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2.7 Parameters Relations: Value of py depending on ¢
and £*

In this section, we further illustrate the importance on the value of ¢ as discussed in Remark
4, by showing in Flgure 2.3 that if ¢ is too small, then there does not exist any & that verifies
the condition k£ > q p2)2a no matter how small is &* (i.e., even if k* = 1). However, if ¢ is
large enough, then there exist some k* such that this condltlon is true. To generate the
curves below, we simply use the formulas for v = (k, k*) and p = p(s, q) with s = 2k + k*
from Theorem 1, and with d = 30000 and s, = d.

q: 200 a: 5000 a: 30000
120 120

(a) ¢ =200 (b) ¢ = 5000 (¢) ¢ = 30000

Figure 2.3: py (y axis) as a function of k (z axis) for several values of ¢ and k*.

2.8 Experiments

2.8.1 Dimension Independence/Weak-Dependence

In this section, we show the dependence of SZOHT on the dimension. To that end, we
consider minimizing the following synthetic problem:

min f(x) st. |x)o <k (2.116)

with & = 500, and f chosen as: f(x) = il — y||*, with y; = 0 if i < d — k* and
Y = m if © > d — k* with £* = 5. In other words, the k* last components of y are
regularly spaced from 1/k* to 1: in a way, this simulates the recovery of a k*-sparse vector
y by observing only the squared deviation of some queries . In that case, we can easily

check that f verifies the following properties:

e fis L-smooth with L = 1, as well as (Ly, s')-RSS for any s’ such that 1 < s’ < d,
with Ly = 1, and (vs, s)-RSC with s = 2k + k* and vs =1 (so k = u% = Lo 9

~—

Vs

o y=x*=argmin, f(x) st |xz|o<k*

o fly)=f(x")=0

46



e Vf(y)=0so0 fis o-FGN with 0 =0

We also note that the above setting of k and k* verifies & > (86x* — 12k?)k* (since
k = 1). Finally, we initialize 2° such that % = 1/d if d — k* > i and 0 otherwise. We
choose this initialization and not ' = 0, just to ensure that V f(x°); # 0 for any 4: this
way the optimization is really done over all d variables, not just the k* last ones. In
addition, this initialization ensures that ||z° — 2*|| is constant no matter the d, which makes
the convergence curves comparable. We consider several settings of s; to showcase the
dependence on the dimension below.

Dimension Independence.

e s, =d: As from Corollary 2, we take ¢ = 2(s + 2) with s = 2k + k* (i.e. ¢ = 2014).
We choose 1 = 1le — 8, to have the smallest possible system error due to zeroth-order
approximations. As we can see in Figure 2.3(c), all curves are superimposed, which
shows that the query complexity is indeed dimension independent, as described by
Corollary 2

o 55 = O(%) (We choose s, = [£]): As from Corollary 1, we take ¢ = 25 + 6< with
s = 2k + k*. In that case, from Corollary 1, the query complex1ty will still be O(k)
(i.e. dimension 1ndependent), as a sum of two O(k) terms, although larger than in
the case sy = d above (since the constant from the O notation in Corollary 1 will be
larger here). We can observe that this is indeed the case in Figure 2.3(f).

Dimension Weak-Dependence. We now turn to the case where s, is fixed. We choose
q as in Corollary 1 (¢ = 2s + 6% with s = 2k + k* ): the query now depends on d in that
case, as predicted by Corollary 1, which can indeed be observed in Figure 2.3(i).

2.8.2 Sensitivity Analysis

We first conduct a sensitivity parameter analysis on a toy example, to highlight the
importance of the choice of ¢, as discussed in Section 2.4. We fix a target sparsity
k* = 5, choose k = 74k*, and consider a sparse quadric function f : R?*0 — R, with:
f(x) = ila ® (& — b)||* (® denotes the elementwise product), with a; = 1 if i > d -5
and 0 otherwise (to ensure f is s-RSC and smooth, with v, = L = 1), and b; = 5555 for
all i € [d — 70k*] and 0 for all d — 70k* < i < d (we make such a choice in order to have
|V f(x*)|| small enough). We choose 1 as in Theorem 1: n = m with ep defined in
Proposition 1 in terms of s and d (we take s, = d), u = le — 4, and present our results in
Figure 2.6, for six values of g. We can observe on Figure 2.6(b) that the smaller the ¢, the
less f(x) can descend. Interestingly, we can also see on Figure 2.6(a) that for ¢ = 1 and 20,
|2 — 2*|| diverges: we can indeed compute that py > 1 for those ¢, which explains the
divergence, from Theorem 1.
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Figure 2.4: Dependence on the dimensionality of the query complexity.

2.8.3 Real Data Experiments
2.8.3.1 Baselines

We compare our SZOHT algorithms with state of the art zeroth-order algorithms that can
deal with sparsity constraints, that appear in Table 2.1:

1. ZSCG [7] is a Frank-Wolfe ZO algorithm, for which we consider an ¢; ball constraint.
2. RSPGF [59] is a proximal ZO algorithm, for which we consider an ¢; penalty.

3. ZORO [31] is a proximal ZO algorithm, that makes use of sparsity of gradients as-
sumptions, using a sparse reconstruction algorithm at each iteration to reconstruct the
gradient from a few measurements. Similarly, as for ZSCG, we consider an ¢; penalty.

In all the applications below, we will tune the sparsity k& of SZOHT, the penalty of RSPGF

and ZORO, and the radius of the constraint of ZSCG, such that all algorithms attain a
similar converged objective value, for fair comparison.

2.8.3.2 Applications

We compare the algorithms above on two tasks: a sparse asset risk management task
from [36], and an adversarial attack task [38] with a sparsity constraint.
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Sparse Asset Risk Management. We consider the portfolio management task and
dataset from [36], similarly to [31]. We have a given portfolio of d assets, with each asset i
giving an expected return m;, and with a global covariance matrix of the return of assets
denoted as C. The cost function we minimize is the portfolio risk: %, where x is a
vector where each component x; denotes how much is in\(gested in each z;s_set, and we require
L myx;
Zillzl Ti
using the Lagrangian form below. Finally, we add a sparsity constraint, to restrict the

investments to only k assets. Therefore, we obtain the cost function below:

TC d T ?
min ———T 4\ <min {Zj}ﬂ . r,O}) st o <k (2.117)
x€R4 9 d 4 Z

<Zi:1 :1:Z>

We use three datasets: port3, port4d and portd from the OR-library [12], of respective
dimensions d = 89; 98;225. We keep r and \ the same for the 4 algorithms: » = 0.1, A = 10
(for port3 and portd); and r = le — 3, A = le — 3 for port5. For SZOHT, we set k = 10,
s9 =10, ¢ = 10, and (p,n) = (0.015,0.015) for port4, and (u,n) = (0.1,1) for port5 (u and
n are both obtained by grid search over the interval [1073,10%]). For all other algorithms,
we got the optimal hyper-parameters through grid search. We present our results in Figure
2.7.

to minimize it under a constraint of minimal return 7: . We enforce that constraint

1=

Few Pixels Adversarial Attacks. We consider the problem of adversarial attacks with a
sparse constraint. Our goal is to minimize ming f(x + ) such that ||d]|p < k, where f is the
Carlini-Wagner cost function [38], that is computed from the outputs of a pre-trained model
on the corresponding dataset. We consider three different datasets for the attacks: MNIST,
CIFAR, and Imagenet, of dimension respectively d = 784; 3072;268203. All algorithms are
initialized with § = 0. We set the hyperparameters of SZOHT as follows: MNIST: k£ = 20,
s9 =100, ¢ = 100, p = 0.3, n = 1; CIFAR: k£ = 60, s = 100, ¢ = 1000, u = le — 3, n = 0.01;
ImageNet: k£ = 100000, sy = 1000, ¢ = 100, p = 0.01, n = 0.015. We present our results
in Figure 2.8. All experiments are conducted in the workstation with four NVIDIA RTX
A6000 GPUs, and take about one day to run.

We also provide additional results for the adversarial attacks problem in Figure 2.5. The
parameters we used for SZOHT to generate that table are the same as in 2.8.3.2, except for
MNIST, for which we choose k = 20, ¢ = 10, and sy = 10, and for ImageNet, for which
we choose £ = 100000, s = 20000 and ¢ = 100. As we can see, SZOHT allows to obtain
sparse attacks, contrary to the other algorithms, and with a smaller /5 distance and a larger
success rate, using less iterations: this shows that SZOHT allows to enforce sparsity, and
efficiently exploits that sparsity in order to have a lower query complexity than vanilla
sparsity constrained ZO algorithms.

2.8.3.3 Results and Discussion

We can observe from Figures 2.7 and 2.8 that the performance of SZOHT is comparable or
better than the other algorithms. This can be explained by the fact that SZOHT has a
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Method ASR /{, dist. /5 dist. Iter Method ASR /{, dist. /¢y dist. Iter

RSPGF  78%  100% 10.9 67 RSPGF 83%  100% 4.1 326
ZORO 5%  100% 15.1 550 ZORO 86% 100% 62.9 592
7S5CG 79%  100% 10.3 252 725CG 86%  100% 8.4 126

SZOHT 79% 2.5% 8.5 36 SZOHT 91% 1.9% 2.6 26

(a) MNIST (b) CIFAR

Method ASR /¢, dist. /¢, dist. Iter.
RSPGF  91%  100% 19.9 137

ZORO  90%  100% 1119 674
ZSCG  76%  100% 111.3 277

SZOHT 95% 37.3% 10.5 61
(¢) TmageNet

Figure 2.5: Summary of results on adversarial attacks.

linear convergence, but the query complexity of ZSCG and RSPGF is in O(1/T"). We can
also notice that RSPGF is faster than ZSCG, which is natural since proximal algorithms
are faster than Frank-Wolfe algorithms (indeed, in case of possible strong-convexity, vanilla
Frank-Wolfe algorithms maintain a O(1/T") rate [58], when proximal algorithms get a linear
rate [13, Theorem 10.29]). Finally, it appears that the convergence of ZORO is sometimes
slower, particularly at the early stage of training, which may come from the fact that ZORO
assumes sparse gradients, which is not necessarily verified in real-world use cases like the
ones we consider; in those cases where the gradient is not sparse, it is possible that the
sparse gradient reconstruction step of ZORO does not work well. This motivates even
further the need to consider algorithms able to work without those assumptions, such as

SZOHT.

2.9 Conclusion

In this paper, we proposed a new algorithm, SZOHT, for sparse zeroth-order optimization.
We gave its convergence analysis and showed that it is dimension independent in the smooth
case, and weak dimension-dependent in the RSS case. We further verified experimentally
the efficiency of SZOHT in several settings. Moreover, throughout the paper, we showed
how the condition number of f as well as the gradient error have an important impact
on the convergence of SZOHT. As such, it would be interesting to study whether we can
improve the query complexity by regularizing f, by using an adaptive learning rate or
acceleration methods, or by using recent variance reduction techniques. Finally, it would
also be interesting to extend this work to a broader family of sparse structures, such as
low-rank approximations or graph sparsity. We leave this for future work.
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Figure 2.6: Sensitivity analysis.
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Figure 2.7: f(x) vs. # queries (asset management).
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Figure 2.8: f(x) vs. # queries (adversarial attack).

51



2.10 ZOHT Extension: Variance Reduction

2.10.1 Introduction

So far, we have analyzed an algorithm for zeroth-order hard-thresholding, and shown that
in order to compensate for the potential expansivity of the hard-thresholding operator,
one needs to take a specific number of random directions at each step. In this section,
we discuss how variance reduction algorithms ( [17,068,72,79,88,115]) can improve such
number of random directions. The paper [159] proposes several variance reduction methods
for zeroth-order hard-thresholding, in a unified way. For more details on those algorithms,
as well as their theoretical analysis, we refer the reader to [159]. In this section, we provide
the experimental comparison of such algorithms, which is our main contribution in the
paper [159]. We formulate the minimization problem to be solved as follows:

1 n
in F(0) = — (), s.t. 0o <k, 2.118
pinF0) = 356, s [0l < (2118)
where, F(0) is the empirical risk. |||, represents the number of non-zero directions, and d
is the dimension of 8. Below we give the original formulation of such algorithms, from [159],
and where the zeroth-order gradient estimate is the one from the section above, i.e. for any
i€ [n]:

. d <
ViO) = > (fil0+ puy) — :(0)) w;, (2.119)
j=1
with ¢ the number of random directions, and w4, ..., w, sampled as per Section 2.3.1. For
the pM-SZHT algorithm (Algorithm 3 below), a key step is to select at each iteration a
random index set J C [n] of memory locations to update according to:
V§i(0), ifjeJ
vje[n]&+_{ f]( )7 lj

(A I
Cl,j,

otherwise

in such a way that any j has the same probability p/n of being updated!, and where
p is the number of directions updated at each time (see [72]|). The distribution over sets
J is determined according to the specific algorithm one would wish to implement. For
example, if the probability to sampled a set J, which we denote P{J}, is as follows:

1/ () if [J] =p
0 otherwise
we denote SAGA-SZHT the p-SAGA-SZHT algorithm when p = 1.

P{J} = , then we obtain the p-SAGA-ZHT algorithm. Additionally,

! Originally, p-Memorization is called g-Memorization. We changed it to p to avoid conflicts with the ¢
standing for the number of random directions in zeroth-order.
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Algorithm 3: Stochastic Variance Reduced Zeroth-Order Hard-Thresholding with
p-Memorization (pM-SZHT)

Initialization: Learning rate n, mazimum number of iterations T, initial point ),
number of random directions q, and number of coordinates to keep at each iteration

k.

Output: 0.

forr=1toT do
Update a"—V
Sample i, uniformly at random from {1,2,...,n}
Compute §—(00~1) = Vf;, (00) —al ™V + L3 af ™"
Compute o) = ’}-[k(e(r—l) — ng(r—l)(e(r—l)))

end

Algorithm 4: Stochastic variance reduced zeroth-order Hard-Thresholding (VR-
SZHT)

Initialization: Learning rate n, mazimum number of iterations T, initial point 0,
SVRG update frequency m, number of random directions q, and number of
coordinates to keep at each iteration k.

Output: 67.
forr=1to T do

=530, V(09);
fort=0,1,...,m—1do
Randomly sample i; uniformly at random from {1,2,...,n};
Compute ZO estimate @fit(g(f))7 @fit(e(o));
g = 00) — (v £,.(07)) — V£, (00 + f):
O+ = 1,(60+D);
end
0" = 9(r+1)7 random ¢’ € [m N 1];
end
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Algorithm 5: Stochastic variance reduced zeroth-order Hard-Thresholding with
SARAH (SARAH-SZHT)

Input :Learning rate 1, maximum number of iterations 7', initial point 6,
number of random directions ¢, maximum error €, and number of
coordinates to keep at each iteration k.

Output: 67. N

Initialization: Initialize 8° = 00~V and g© = 13" Vfi(6). forr=1,...,T

do

00 _ 6(7’—1);

9(0) = % Z?:l ﬁch‘(00)§

0 =90 — g,

fort=1,...,m—1do
Sample ¢, uniformly at random from [n];
g(t) = @flt (O(t)) - @flt (9(t—1)> + g(t—l);
O+ = 9t) — pg(®.

end

Set 8 = 0@ with d chosen uniformly at random from {0, 1,...,m};
end

2.10.2 Experiments

We compare the performance of VR-SZHT, SAGA-SZHT, and SARAH-SZHT with that of
the following algorithms, in terms of IZO (iterative zeroth-order oracle, i.e. number of calls
to f;) and NHT (number of hard-thresholding operations):

e SZOHT [16]: the vanilla stochastic ZO hard-thresholding algorithm from the section
above.

e FGZOHT: the full gradient version of SZOHT.

2.10.2.1 Ridge Regression

We first consider the following ridge regression problem, where the functions f; are defined
as follows: f;(6) = (] 0 — y;)* + 5|0]|3, where ) is some regularization parameter. We
generate each x; randomly from a unit norm ball in R%, and a true random model 8* from
a normal distribution N(0, I;.4). Each y; is defined as y; = x] 8*. We set the constants
of the problem as such: n = 10,d = 5, A = 0.5. Before training, we preprocess each
column by subtracting its mean and dividing it by its empirical standard deviation. We
run each algorithm with k = 3,¢ = 200, u = 1074, s, = d = 5, and for the variance reduced
algorithms, we choose m = 10. For all algorithms, the learning rate 7 is found through
grid-search in {0.005,0.01,0.05,0.1,0.5}: we choose the learning rates giving the lowest
function value (averaged over several runs) at the end of training. We stop each algorithm
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once its number of IZO reaches 80,000. All curves are averaged over 3 runs, and we plot
their mean and standard deviation in Figure 2.9. As we can observe, SZOHT converges to
higher function values than other algorithms: this illustrates the advantage of the variance
reduction techniques, which can allow to attain smaller function values than plain SZOHT,
but at a cheaper cost than FGZOHT.

—— FGZOHT 0.48 1
VR-SZHT
—— SZOHT
—— SARAH-ZHT
—— SAGA-ZHT

=

0 10000 20000 30000 40000 50000 60000 70000 80000 0 50 100 150 200 250 300 350 400

#1Z0 # NHT

Figure 2.9: #I7Z0 and #NHT on the ridge regression task.

—— FGZOHT ] —— FGZOHT
VR-SZHT VR-SZHT
71 —— SZOHT 7 —— SZOHT
—— SARAH-ZHT —— SARAH-ZHT
—— SAGAZHT

o 100 200 300 400 500 600 o 10 20 40 50

0
#1Z0 # NHT

Figure 2.10: #1Z0 and #NHT on the few pixels adv. attacks (CIFAR-10), for the original
class ’airplane’.

2.10.2.2 Few Pixels Universal Adversarial Attacks

Finally, we consider a few-pixel universal adversarial attacks problem. Let some classifier
be trained on a dataset of images. We assume that it can only be accessed as a black
box, i.e. it only returns the log probabilities of each estimated class, given an input image.
This is a typical real-life scenario, where for instance the model can only be accessed
through a provider’s API. We seek to find a single perturbation 8 € R?, to apply to
several images at once, (we denote those images by x;, i = {1,...,n}, and their true
label as y;) to make the predicted class for those images different than their true class.
Further discussion on universal perturbations can be found in [50]. In addition, we seek an
adversarial perturbation that is sparse, to preserve as much as possible the original image.
As is usual in black-box adversarial attacks, we maximize the following Carlini-Wagner
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Table 2.2: Comparison of universal adversarial attacks on n = 10 images from the CIFAR-10
test-set, from the ’airplane’ class. For each algorithm, the leftmost image is the sparse
adversarial perturbation applied to each image in the row. ("auto’ stands for "automobile’,
and ’plane’ for ’airplane’)

Tmage 1D 3 27 44 90 97 98 111 116 125 153
ol B WEHEBHN>XZ W ¢
FGZOHT

B =X EE 8 > § ® ¢

E.
o
+
=
ol
)
=3

plane plane plane ship deer plane plane plane shi

SZOHT

B == K =

VR-SZHT

H = KEE BN = F W

plane plane auto plane ship plane plane plane s

;e
.
X
N
-
s

plane bird bird shi

E.
o
[l
=
c
o
3

E.
o
-+
=
c
a
&

SAGA-SZHT

B Sk EEE>=H &
plane i

frog plane plane deer plane plane plane s

E.
o
n
=
i

SARAH-SZHT

B =S xXxEE B = F
ship

plane plane auto ship plane bird plane

7
o+
-
el B A
e b

=
o f
® fa

loss 34, 38], which encourages the prediction from the model to be different from the true
class:

fi(0) =max{F,, (clip(x; +6)) — n;éaXFj(clip(a:i +0)),0}, (2.120)

J#Yi

where x; is the original i-th image (rescaled to have values in [—0.5,0.5]), of true class y;,
clip denotes the clipping operation into [—0.5,0.5], @ is the universal perturbation that
we seek to optimize, and each function Fj, outputs the log-probability of image x; being
of class k as predicted by the model, for k£ € {1,.., K}, with K the number of classes
(similarly to [38,74,95]). Similarly to [() )| (Section A, 11), we evaluate the algorithm on a
dataset of n = 10 images from the test-set of the CIFAR-10 dataset [33], of dimensionality
32 x 32 x 3 = 3,072, from the same class "airplane’, which we display in Table 2.2. We take
as model I’ a fixed neural network, already trained on the train-set of CIFAR-~10, obtained
from the supplementary material of [16]. We set k = 60, u = 0.001, ¢ = 10, s5 = d = 3,072,
and the number of inner iterations of the variance reduced algorithms to m = 10. We check
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at each iteration the number of IZO, and we stop training if it exceeds 600. Finally, for
each algorithm, we grid-search the learning rate 1 in {0.001,0.005,0.01,0.05}. The best
learning rates (giving the curve which obtained the smallest minimum function value),
are respectively: FGZOHT: 0.05, SZOHT: 0.005, VR-SZHT: 0.01, SAGA-SZHT: 0.05,
SARAH-SZHT: 0.05. Our experiments are conducted on a workstation of 128 CPU cores.
The training curves are presented in Figure 2.10: SAGA-SZHT obtains the lowest function
value at the end of the training, followed by SARAH-SZHT. In terms of attack success rate,
SARAH-SZHT presents the highest success rate, as it has successfully attacked 7/10 images.
We provide further results, on 3 more classes ('ship’, 'bird’, and ’dog’) in the Section, which
demonstrate even further the advantage of variance reduction methods in our setting.

2.10.2.3 Extra Experiments on Synthetic Ridge Regression

In this section we provide additional curves for the first problem described in section 2.10.2,
which we recall here for sake of completeness. We consider a ridge regression problem,
where each function f; is defined as follows:

A
fi(8) = (x 6 — y;)* + §||9||§, (2.121)

where A\ is some regularization parameter.

Experimental Setting. First, as in the main paper, we consider a synthetic dataset:
we generate each x; randomly from a unit norm ball in R?, and a true random model
0* from a normal distribution AN(0, I;xq). Each y; is defined as y; = x] 8*. We set the
constants of the problem as such: n = 10,d = 5, A\ = 0.5. Before training, we pre-process
each column by subtracting its mean and dividing it by its empirical standard deviation.
We run each algorithm with p = 1074, s, = d = 5, and for the variance reduced algorithms,
we choose m = 10. For all algorithms, the learning rate n is found through grid-search in
{0.005,0.01,0.05,0.1,0.5}, and we keep the n giving the lowest function value (averaged
over 3 runs) at the end of training. We stop each algorithm once its number of IZO reaches
80,000. We plot in Figures 2.11, 2.11(g), and 2.12 the mean and standard deviation of the
curves for a value of k = 2, 3, and 4 respectively.

Results and Discussion. We can observe the several phenomena on the Figures 2.11,
2.11(g), and 2.12. First, we can observe that for larger k, the algorithms converge to
lower function values (which is natural because optimization is then over a larger set), but
also, the algorithms are more stable (for example, SARAH-SZHT converges more easily
with & = 4 than with k£ = 2), which is due to the hard-thresholding operator being more
non-expansive. Then, although a larger number of random directions ¢ may slow down the
query complexity (IZO), we observe that it can also stabilize some algorithms that would
otherwise be less unstable, such as SARAH-SZHT (which converges better for ¢ = 200 than
for ¢ = 50).
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Figure 2.12: #I1Z0O (up) and #NHT (down) on the ridge regression task, synthetic example
(k=4).

2.10.2.4 Real Data Ridge Regression

Experimental Setting. Second, we now compare the above algorithms, for the same
ridge regression problem as above, but on the following open source real-life datasets
(obtained from OpenML [144]), of which a summary is presented in Table 2.3. We take
A = 0.5. Similarly as above, before training, we pre-process each column by subtracting
its mean and dividing it by its empirical standard deviation. We run each algorithm with
p=10"% s, = d (where d depends on the dataset), and for the variance reduced algorithms
with an inner and outer loop (VR-SZHT and SARAH-SZHT), we choose m = LJEQJ For all
algorithms, the learning rate n is found through grid-search in {107%, i € {1,...,7}}, and
we choose the one giving the lowest function value (averaged over 5 runs) at the end of
training. We stop each algorithm once its number of IZO reaches 100,000. We plot the
optimization curves (averaged over the 5 runs) for several values of ¢ and k, to study their
impact on the convergence.

Results and Discussion. We present our results in Figures 2.13 and 2.14. Those results
are consistent with preliminary results on the synthetic dataset from Section 2.10.2.3,
namely, that overall, although taking a larger ¢ may worsen the 1Z0O complexity, it can
help some algorithms to converge more smoothly, by reducing the error of the zeroth-order
estimator. Additionally, we can observe that taking a larger k often helps to achieve
smoother convergence. Finally, consistently across experiments, we observe that SARAH-

SZHT has difficulties converging: this seems to indicate that SARAH-SZHT may be highly
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Table 2.3: Datasets used in the comparison. Reference: |51], Source: [111], downloaded
with scikit-learn [122].

DATASET d n

BODYFAT(?) 14 252
AUTO-PRICE®) 15 159

impacted by the errors introduced by the zeroth-order estimator. SARAH-SZHT could
potentially be improved by a more careful choice of the number of inner iterations, and/or
by running SARAH+, which is an adaptive version of SARAH [116], which we leave for
future work.

F(6)

(e): q=b, k=5 (f): q=10, k=5 (g): q=5, k=10 (h): q=10, k=10

Figure 2.13: #IZ0 (up) and #NHT (down) on the ridge regression task, bodyfat dataset.

2.10.2.5 Additional Results for Universal Adversarial Attacks

In this section , we provide additional results for the universal adversarial attacks setting
from our Experiments Section, for the 3 additional classes: ’ship’, ’bird’, and ’dog’. As
we can observe in Figures 2.16 , 2.15, and 2.17 below respectively, in most of such cases,
there is a variance-reduced algorithm which can achieve better performance than the vanilla
zeroth-order hard-thresholding algorithms, (for instance, SARAH-ZHT in Figure 2.15,
and SAGA-ZHT in Figure 2.16) which demonstrates the applicability of such algorithms.
Correspondingly, this can also be verified by observing the misclassification success in Table
2.5, 2.4 and 2.6: even if a smaller value for the cost does not necessarily imply a strictly
higher attack success rate, still, overall, more successful universal attacks also have a higher
success rate of attack.
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Figure 2.14: #1Z0O (up) and #NHT (down) on the ridge regression task, autoprice dataset.
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Figure 2.15: #1Z0 and #NHT on the few pixels adversarial attacks task (CIFAR-10), for
the original class 'ship’.
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Table 2.4: Comparison of universal adversarial attacks on n = 10 images from the CIFAR-
10 test-set, from the ’ship’ class. For each algorithm, the leftmost image is the sparse
adversarial perturbation applied to each image in the row. ("auto’ stands for "automobile’,
and ’plane’ for ’airplane’)

Image ID 1 15 18 51 54 55 72 73 79 80
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Figure 2.16: #I1Z0 and #NHT on the few pixels adversarial attacks task (CIFAR-10), for
the original class ’bird’.
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Table 2.5: Comparison of universal adversarial attacks on n = 10 images from the CIFAR-
10 test-set, from the ’bird’ class. For each algorithm, the leftmost image is the sparse
adversarial perturbation applied to each image in the row.

Image ID 65 67 70 75 86 113 123 129 138 149
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Figure 2.17: #1Z0 and #NHT on the few pixels adversarial attacks task (CIFAR-10), for
the original class 'dog’.
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Table 2.6: Comparison of universal adversarial attacks on n = 10 images from the CIFAR-10
test-set, from the ’dog’ class. For each algorithm, the leftmost image is the sparse adversarial
perturbation applied to each image in the row.

Image 1D 12 33 39 42 101 128 141 148
Original z “ t m En

-
FGZOHT |
i 2 Bk T WA

bird dog deer dog dog cat cat cat dog dog
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i
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frog dog bird dog dog cat dog cat dog dog
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dog dog dog dog dog horse dog cat dog dog

SARAH-SZHT

B EREREATETLA

deer dog frog dog cat frog dog dog

2.11 ZOHT Extension: Discontinuous and Non-convex
Case

We now turn to a variant of ZOHT which still does zeroth-order hard-thresholding (although
the random directions are sampled from a Gaussian distribution), but which this time
considers another setting for the convergence proofs: the setting of bounded, discontinuous,
and non-convex functions. This section is based on our co-authored paper Hard-Thresholding
Meets Evolution Strategies in Reinforcement Learning, currently under review at IJCAI 2024.
In this section, we mostly describe the theoretical part from the paper, which corresponds
to our main contribution amongst the collaboration. As mentioned, we will analyze the
convergence of a hard-thresholding zeroth-order algorithm, in the case where the function to
be optimized is a potentially discontinuous and non-convex function. Such case can occur for
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instance in a reinforcement learning setting. In such a case, we will prove local convergence
of our algorithm. In this section, we will use a slightly different terminology, closer to
the reinforcement learning literature, and call the optimization algorithm which optimizes
a cumulative reward based on a zeroth-order estimator of the gradient, an Evolutionary
Strategy (ES).

2.11.1 Preliminaries

Markov Decision Process. We are concerned with the reinforcement learning problem,
where our objective is to optimize a policy, denoted by 7y, parameterized by 6. This policy
is defined over a Markov decision process represented by M = (S, A, T, dy, R, ). For each
episode, the initial state s is sampled from the distribution dy. At each time step ¢, given
an observation s; € S, the policy determines an action a; € A, which then results in an
immediate reward r(s;, a;) € R. Subsequently, the system transitions to a new observation
St4+1 in accordance with the dynamics 7. The resulting trajectory can be presented as
T = {(84,a4,7,8:+1)}. In order to balance the trade-off between immediate rewards and
long-term rewards, the discount factor ~ is introduced.

2.11.2 Objective Function

Our objective is to maximize the fitness score achieved by the policy while minimizing the
impact induced from the task-irrelevant features. We hypothesize that employing a sparse
policy can effectively manage these redundant observations.

Fitness Score. The performance of the policy can be quantified by the fitness function,
which is defined as the expected sum of rewards over its rollout trajectories:

|7l

F(0) := Erndom.7f+(0), with f-(6) :=> r(sy, ar) (2.122)

t=0

It’s important to note that, in this context, the discount factor v is set to 1. This is
in contrast to traditional RL settings where it often assumes values such as 0.99 or 0.9.
Another characteristic is that the fitness function can be discontinuous w.r.t. the policy
parameters due to the randomness in environments and the complex reward function.

ly-Constrained Optimization. We propose mitigating the impact of task-irrelevant
features through a sparse policy, under the premise that sparsity can effectively filter out
irrelevant information present in inputs. Formally, our objective is to improve a policy while
also constraining its complexity, i.e., the ¢y constrained optimization, with | - ||o denotes
the ¢y (pseudo-)norm (number of non-zero components of a vector):

mgXF(O) s.t. |00 <k (2.123)
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Why the /; Constraint? In our context, where only a small subset of observations
is task-relevant, irrelevant features can significantly degrade performance. fy-constrained
optimization directly enforces a constraint on the o norm of the learned parameter vector,
ensuring the sparsity of the resulting model, alluring for feature selection tasks. Unlike
{1-constrained optimization, which promotes sparsity but does not guarantee exact zero
values, {y-constrained optimization offers precise control over sparsity by allowing certain
model parameters to be set exactly to zero. This capability not only enhances model
interpretability but also makes it well-suited for our setting, i.e., decision-making with
irrelevant observations.

2.11.3 Our Proposal: NESHT

We introduce NESHT, a solution for decision-making problems involving both task-relevant
and irrelevant features. While NES and the Hard-Thresholding operator are not novel
concepts individually, their compatibility when used together may raise questions. To be
self-contained, we now provide brief descriptions of each.

NES We employ the competitive NES algorithm, to optimize the policy, with the following
gradient estimator:

1
VgEewN(OJ)F(O + o€) = ;]EGNN(Oded)F(O + o€)e, (2.124)

where N (0, I;54) denotes the unit-variance centered Gaussian in R?. In NES, the gradient
is approximated through sampling and serves as an approximation, bypassing challenges
with non-differentiable functions or exploding gradients. For the derivation about Equa-
tion (2.124), please refer to Section 2.11.5.1.

Hard-Thresholding operator. To achieve the {y-constrained optimization described
in Equation (2.123), we introduce the hard-thresholding operator into NES. It truncates
the parameter vector, retaining only k£ components with the most significant absolute
magnitudes, represented as trunc(@, k), or, more succinctly, as trunc(€). While incorporating
HT into NES is straightforward, the compatibility between HT and NES remains an open
question.

Compatibility concerns. To establish the convergence of NESHT, it is essential to
demonstrate the convergence of the hard-thresholding algorithm for non-convex and dis-
continuous F', with a gradient estimated as in equation 2.124 via the NES algorithm. In
the literature, [152] proved the convergence of stochastic algorithms in the case of non-
convex objective functions F', for a non-convex proximal term which can be taken as the
indicator function of the set of all k-sparse vectors (i.e. the ¢y pseudo-ball). This proof of
convergence applies to stochastic hard-thresholding algorithms. However, their analysis
assumes Lipschitz-smoothness of ' and considers a general stochastic estimator of the
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Algorithm 6: NES with Hard-Thresholding
Input: « - Learning rate, 6q - Initial policy parameters in R, n - Population size,
N - Number of rollouts collected for each agent, o - Noise standard
deviation, k - Number of parameters to be kept.
fort=0,1,2,.. T — 1 do
fori=1, ..., ndo
Sample a Gaussian perturbation €; ~ N(0, Ijyq) ;
for j=1, ..., Ndo
Sample a rollout 77%;
Compute returns fT]eZ (0: + o€;);

end

end

N )
Set Oy 1 <= O+ 35 Do Do ST (6 + o€i)es;
Truncate the parameters: 6y, < trunc(,, 1 k);

end

gradient. Therefore, it does not account for the specific errors introduced by the gradient
estimator from equation 2.124. More recently, the work of [103], analyzes the convergence
of zeroth-order methods (similar to evolutionary strategies) for a Lipschitz-continuous and
non-convex function F. However, in our case, F' is discontinuous in general. Thus, to the
best of our knowledge, the convergence of evolutionary strategies in such setting remains an
open question. In the next section, we address this question by demonstrating that, under
mild assumptions, proper convergence of Algorithm 6 is guaranteed.

2.11.4 Convergence Analysis

The integration of NES with HT is detailed in Algorithm 6, where the hard-thresholding
operator is applied to the learned parameters after each update. In this section, we
provide a proof of convergence for NES combined with Hard-Thresholding, i.e., our NESHT,
addressing the compatibility concern. Additionally, we would like to highlight that our
analysis can also cover the case where no hard-thresholding operator is used (it only suffices
to take the proximal term 7 in our proof of Theorem 2 in Section 2.11.5.4 to be the constant
zero): to our knowledge, such a proof of convergence for NES for general discontinuous
functions F' (which correspond to a realistic reinforcement learning setting) is the first in the
literature, and we hope that such a result, as well as the subsequent remarks and discussions
on the influence of each parameter on the convergence rate (bound on the expected reward
B, dimension d, etc.) can be of interest to the NES community.

2.11.4.1 Assumptions

To proceed with the proof of convergence of NESHT, we will need the following assumptions
below.
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Assumption 5 (Boundedness of F'). The fitness function F' is bounded on its domain, that
i, there exists a universal constant B > 0 such that:

Vo cR?:|F(0)| < B (2.125)

Remark 6. F(0) represents the expected rewards obtained by executing policy mg. The
boundedness assumption is typically reasonable since immediate rewards do not tend to
mfinity, and evaluation trajectories always have finite lengths. Importantly, this assumption
remains valid even when dealing with task-irrelevant features.

Additionally, we will need the following assumption on the variance of the cumulative
reward, for a given parameter vector 6.

Assumption 6 (Bounded variance of f;). We posit the existence of a universal constant
C' > 0 such that the variance of the cumulative reward for any 0 € {6y, 0%, ey BT%, 0r} is
bounded by C, i.e.:

E-[If-(6) - F(O)]"] < C.

Remark 7. Assumption 6 reflects the inherent randomness from both the policy, whether it
18 determanistic or stochastic, and the environment, which introduces randommness through
factors such as the dynamics T, the reward function r(s,a), and the initial distribution
of states dy. Also, please note that if the reward and the episode length are limited, as
is usually the case in RL, then Assumptions 5 and 6 are satisfied. An observant reader
may notice that the inclusion of task-irrelevant features unavoidably leads to an increase in
the constant C' due to the introduction of randommness. As we will see later, this increase
hampers the convergence of NES algorithms.

2.11.4.2 Smoothness

Since F' can be discontinuous in general, maximizing F' directly is impossible with evo-
1if0=0
lutionary strategies. For instance if F' is Dirac-like, such as F(0) = ) , the
0 otherwise
probability (for a given @), to successfully sample an € such that F'(6 4+ o€) = 1 is actually
zero, which means the parameters will be updated with probability zero. However, we can

instead analyze the convergence of a smoothed version of F', F,, defined below:
FO(G) = EeNN(Oded)F(e + 06)

Note that F, converges towards I’ for small o in terms of eh-convergence, as described in
Theorem 3.2 from [156]. The first step, to derive the convergence rate of our algorithm
with F,, is to prove that F, is smooth, and to derive its smoothness constant, which we
then use in a proof framework similar to [152].

Lemma 4. Under Assumption 5, F, is Lipschitz-smooth (i.e. its gradient is Lipschitz-

continuous), with a smoothness constant L = (d+1)B, that is, such L verifies:

o2

V0,,0, ¢ (R)? : |[VF,(0,) — VF,(8)| < L||6; — 6| (2.126)
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Proof. Proof in Section 2.11.5.3. [

For discontinuous functions F', the fact that F, is smooth was already known before
in the literature (see e.g. [52]). However, such works did not provide an explicit formula
for the smoothness constant L. Here, for the first time in the literature (to the best of our
knowledge), using the boundedness assumption on F', we could derive an explicit formula
for the smoothness constant L.

One can therefore see that L is proportional to both the bound of the fitness function,
B, and the dimension of the policy parameters, d, while being inversely proportional to the
variance o2. In Section 4.4, we will observe the role of such smoothness constant L: the
smaller it is, the faster the NES algorithm will converge.

2.11.4.3 Error of the gradient estimator

We now consider the gradient estimator with a general population of n random perturbations,
and a number of rollouts of N for each perturbation. More precisely, assume that we sample
n random directions {€;}!" , := {€y, ..., €,} independently and identically distributed, and

N

that for each of these random directions €;, we sample we sample N rollouts {T;i 1=

{m", .., 75 } independently and identically distributed, to obtain a final collection of rollouts
{77 }L1 3, , and to get N x n gradient estimators Joe: 51 (i,7) € [n] x [N] defined below:

1
ga,ei,rei (0) := ;fT?i (0 + o€;)e; (2.127)

which we aggregate in the following estimator:

n N

_ 1 .
ga,{ei};L:l,{{T;i}yzl};”:l (0) = m Z Z go’,ei,ﬂ'jei (0) (2128>

i=1 j=1

Lemma 5. Under Assumptions 5 and 6, the estimator above is an unbiased estimate of the
gradient of the smoothed function F, and its variance is bounded, more precisely, for any
0 € {00, 0%, ceny 0T7%7 HT}

Egm{ei}?:l7{{7.;7;}]_\]:1};@:1 (0) == VQFO-(O) (2129)

J

Cd  dB?

No? + no?

El|Go ten, 1y o, (0) = Vo (0)]* < (2.130)

N o

Proof. See Section 2.11.5.2. We begin by examining the unbiasedness (using a standard

proof) and variance (using a novel proof up to our knowledge) of the gradient estimator for

a single perturbation, i.e., g, . <. We then generalize our results to account for multiple
1<y ]

perturbations (n) and rollouts (V). O
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Advantages of NESHT: Reduction in Constant C. We present here a formal
explanation for the superiority of NESHT over NES in the lens of constant C. Thanks to
hard-thresholding, along training, 6, and 6, 1 remain in the space of k-sparse vectors (up

to small perturbations o€), whereas they could live anywhere in R? in the case of NES.
Based on the hypothesis that the hard-thresholding operation effectively selects relevant
features, NESHT can successfully mitigate the impact of irrelevant features and reduces
the value of C. To illustrate this, one can consider the following scenario.

Example 1. Consider a one-step decision-making experiment, with linear policy, and fitness
score given as: f-(0) :=x' (0 — 0*), where 0* is a k-sparse vector, with S C [d] being the
set of coordinates of its non-zero components, i.e., the relevant features. In addition, x is
the input state, which we assume follows a normal distribution N(0,014xq) for o >0 (Ijxq
denoting the identity). We then have, for any bounded policy 8 € [—1,1]%:

Ee|fr(0) — F(0)]> = E,(0 — 0*) zx' (0 — 6%)
= (0 —0") 0°I;,4(0 —0°) =5°||0 — 6°| (2.131)

Therefore, if there are many irrelevant components present (i.e. |[d] \ S| is large), the
episode-wise variance of f. (and its bound C') will be higher when 6 is dense (proportionally
to 0?). As established in Lemma 5, the proper convergence of NESHT depends on this
variance. The application of a hard-thresholding operator explicitly filters out some of the
noisy features, introducing a bias that steers the policy towards making decisions exclusively
based on sparse observations. This reduces the variance and ensures better convergence to
the optimal policy.

In practical terms, given a fixed interaction budget for n and N, the variance of the
gradient estimator may be too high for vanilla NES, causing it to fail to converge to the
optimal policy. However, with the reduced variance of the gradient estimator in NESHT,
as described above, convergence of the parameters 0 to a stationary point of the fitness
function F' can be successfully ensured, as stated in Theorem 2.

2.11.4.4 Convergence Rate

Equipped with Lemmas 4 and 5, we can now prove the convergence of Algorithm 6,
following for the most part the framework of [152] for stochastic gradient descent with a
non-convex function and a non-convex non-smooth proximal term, but plugging into it our
novel bounds for (i) the smoothness constant of F, and (ii) the variance of the gradient
estimator g, ey | rrroy yr (8) , under our specific assumption of boundedness of F.
Because of such non-convex and non-smooth optimization problem, convergence is proven
in terms of the expected distance of the Fréchet sub-differential 9(—F,(6) + Loo(k)(07)) to

zero [128], where Ly, denotes the indicator function of the ¢ constraint, i.e. Ly k) (0) =

0 if @ is k-sparse
I? . Note that this is the standard way to define stationary points for
400 otherwise

non-smooth regularizers (such as sparsity constraints) (see e.g. Thm. 2 in [152] or Thm. 3

in [18]).
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Theorem 2. Under Assumption 5 and 6, run Algorithm 6, with o =
number of iterations T = 2¢,B/ (a€?) and N > *99C and n > 40;;‘5 for
then the output O of Algorithm 6 satisfies

(0<c< ), a

=1
t = T-1

? )

E [dist (o,a( F, (67) + Loy (aT)))] <e

where ¢, = %, and cg = 112:280‘3, and where dist(z, S) is the distance of a set S to a
point z, defined as the minimal Fuclidean distance of any point in S to z. In particular
in order to have E [dist (O d(—F,(0) + Lo (k) (OT))H < €, that is, in order to ensure

convergence to a stationary point, it suffices to set T = O (1/€?).

Proof. Proof in Section 2.11.5.4. O]

Remark 8. As per Theorem 2, we can see that a large smoothing radius o will ease
convergence, as it allows one to evaluate fewer random perturbations and rollouts. However,
the counterpart is that the function optimized F, may be further away from the true function

F.

Remark 9 (Overall complexity). From Theorem 2, to ensure convergence to a stationary

point up to tolerance €, we need to take N = O(25), n = O(C‘fgﬁ) ,and T = O(%) = @

O(ZF) @ O(gi@l), where (a) follows from the definition of o from Theorem 2, and (b) follows

from Lemma 4. Therefore, the overall number of episodes needed to ensure convergence is
TNn = O(d3340) Note however that if one has access to a massively parallel device able
to run in parallel Nn simulations, which is very common in RL settings g e.g. as in [130]),
the time complexity of the whole optimization process is simply T = O(6 4.

2.11.5 Proofs of the Main Results
2.11.5.1 NES Gradients
OpenAl NES [130] approximates the gradient with the following estimator:
VoEen (0100 F(O+ 0€) = ~Eeno1,. (F(8 +0€)e), (2.132)

with @ for the learned policy’s parameters, € for the Gaussian noise on the parameter vector,
and o to control the standard deviation.

VoEen (01,0 F (0 + 0€) = VoEqn(6,021 F ()
= Vo / P(x|0,0°)F(x)dx
= / VoP(xz|0,0°])F(z)dx (Leibniz integral rule)

= / P(x|0,0%I)Vglog [P(a:|0, 021)] F(x)dx (log derivative trick)
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x — 0|2 _
= EacNN(e,a?I){F(fB)Ve( — %)} (Gaussian P.D.F.)

1
= ;EGNN(OJC!M){F(O +o€)- €} (x+ 0+0¢€) (2.133)

2.11.5.2 Proof of Lemma 5

Bias and Variance of the Single Perturbation, Full Expected Policy Gradient
Estimator. Before deriving the error of the full gradient estimator (i.e. averaged over
both the n perturbations, and the N rollouts), we first provide the bias and variance of the
gradient estimator for a single random perturbation €, defined below as:

1
J5.e(0) = —F(0 + o€)e. (2.134)
o

Bias: We first start by deriving the bias of such estimator.

Lemma 6.
Erelfo.e(0)] = VoI, (0) (2.135)

Proof. We proceed as in [52].

Let us denote the following d-dimensional isotropic Normal distribution:

o= (27r1)d/2€_|€22' (2.136)
Note that we have:
Vot - —6(27r1)d/26_ T = —eole) (2137)

Therefore:

VE,(0) = VoEF(0 + o¢)

; /Rd F(€)Ve {dD (6 - 0)} de (2.138)



-1 R (—%) (—6 - 9) ¢ (6 - 9) de
© /R F(o€ +8) (%) € (€)de
- E%F(e +oe)e =Ej, ()

Where in (a), we do the change of variable € = 6 + o€ , in (b) we exchange integral
and differentiation (as per Leibniz integral rule), which is possible in our case since F' is
bounded per Assumption 5 (see [52] (24) for instance), and in (c) we use the reverse change

of variable as before (¢ = <2 so e =o€ +0 ).

]

Variance: We now proceed with deriving the variance of such estimator: such result,
expressed in terms of the bound B on F, is, up to our knowledge, novel.

Lemma 7. Under Assumption 5, we have:

) , _ dB?
Erellgoe(0) — Voo (0)|° < oy (2.139)
Proof. With € ~ N(0, I;5q), we have:
d d
Elle|* =Ee'e =E) u; => FEul =d. (2.140)
i=1 i=1

Using the definition of g, and Assumption 5, we have that:

. B?
||ga,e||2 < _QHGH2 (2141)
o
Therefore: B 2
E|[goell? < pEHCH? =—d- (2.142)

We now use the bias-variance decomposition (in norm) (for a random variable X,
E[|X — EX|* = E[X|* — [[EX|]*):

For any 8 € R%:
dB?

E[§0e(0) = VEO)* = El4oe(0)]” = IVF(O)* < Elldoe ()" = — (2.143)
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Bias and Variance of the Single Perturbation, Single Rollout Policy Gradient
Estimator. We now proceed with proving the bias and variance of the policy gradient
estimator for a single perturbation €, and a single rollout 7, defined below as:

Joer(0) = %ff(e + o€)e (2.144)

where the rollout 7 is sampled for a given € (i.e. one first samples some € to obtain a
policy parameterized by @ + o€, and then, one samples a rollout 7 from that policy).

Lemma 8 (Bias). The gradient estimator is unbiased:
Eero.er(0) = VoF,(6) (2.145)
Proof. By the law of total probabilities, and using Assumption 6 we have:
Eerloer(6) = BB (60) = BB f-(6+ 0e)e

= Ee% (ET|€fT(0 + 0'6)) €

1
=E.—F(0 + oe)e = VoF,(0) (2.146)
o
Where the last equality follows from Lemma 6. n

Lemma 9 (Variance). Assume that Assumption 5 is verified, as well as Assumption 6. We

have, for any 0 € {00,0%, ...,OT_%,OT}:

Cd dB?
_+_

2

Erelloer(0) = VE(0)]* < (2.147)

o o2

Proof. For simplicity, let us fix 8 € {8, 0%, s BT%, 01} and denote e r 1= Joer(0).

Erelloer — VE(0)]? (2.148)
=Erellgo.e,r — %F(O +oe)el® + IET,€||§F(0 +oe)e — VF,(0)|

OB, (G er — %F(G + oe)e, %F(G + oe)e — VEL(9))
:Ef,eué (f-(0 4 c€)e — F(0 + oe)e) || + ET,eH%F(O +o€)e — VE,(0)|?

+ ZET’E(éfT(O + o€)e — %F(O + o€)e, %F(O +oe)e — VF,(0))
:%Em!ﬂ(@ +0€) — F(0 + oe)l|e]|* + ET,eH%F(O + o€)e — VF,(0)|?

1 1 1
+ 2E€<ET|€;fT(0 + o€)e — ;F(O + oe€)e, ;F(@ +o€)e — VFE,(0))
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—
N

a) 1 1
:;]E776|f7(0 +o€) — F(0+ 06)|||6||2 + ET’EH;F(O +o€)e — VFU(O)H2

®) 1 1
< CE,|[€]* + E.c||=F (6 4 c€)e — VF,(0)|*
o o
©Cd  dB?
S (2.149)
Where (a) follows from Lemma 8 (which implies E, 2 f,(0 + c€)e — LF (0 + ce)e = 0),
(b) follows from Assumption 6, and (c) follows from Lemma 7.

]

Proof of Lemma 5: Bias and Variance of the Averaged Gradient Estimator. We
can now finally proceed with proving the bias and variance of the full gradient estimator,
which is the averaging of the above single random perturbation and rollout gradient
estimator, over several random perturbations € and rollouts 7. We recall Lemma 5 in its
full form, including the necessary notations, in Lemma 10 below:

Lemma 10 (i.e. Lemma 5 from subsection 2.11.4.3). Assume that we sample n random
directions {€;}?_ :={€y, ..., €,} independently and identically distributed, and that for each
of those random directions €;, we sample we sample N rollouts {75 ;V:l = {1, ., TN}
independently and identically distributed, to obtain a final collection of rollouts {{75"};1, }im,
, and to get N x n gradient estimators Qmemjei, (i,7) € [n] x [N], and to obtain the following

estimator, for any 0 € {6, 0%, s OT%, Or}:

n N

_ 1 N
go‘,{ei}?:l,{{fji};v:l}?:l (9> = W Z Z go‘,ei,fjei (0) (2150)
i=1 j=1
Then , we have:
Qa,{ei}le,{{fji};v:l}y:l(9) = VoI, (0) (2.151)

and:

_ Cd dB?
EllGo teyr, ttroyy e, (0) = VoF,(0)|* < —

<voato— (2.152)

Proof. The unbiasedness follows from the linearity of expectation and the proof of Lemmas 8,
and the variance follows from the fact that using m i.i.d. samples of a random variable X
(for some integer m) divides the variance of the sample mean of X by m, in the previous
proof of 9. n
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2.11.5.3 Proof of Lemma 4

Such proof is, up to our knowledge, novel, and uses the bound B on F' to derive a bound
on the Hessian V2F,(6).

llell

Proof. We have, with ¢(€) = W@‘ 2~ (cf. Equation 2.138):

VoF,(0) = id /Rd F(e)Vg {d) (6 - 9)} de (2.153)

o

And we also have, from Equation (2.137), and Wlth - denoting the partial derivative
with respect to €, and denoting for simplicity ¢” the Hessmn of ¢:

¢"(€) = o-(—€d(e)) (2.154)

Therefore:

¢"(€) = —I¢(€) — e(—€'¢(e)) = (e’ — I)o(e) (2.155)

In Equation (2.153) above, we can exchange differentiation and integral since the gradient
of the Gaussian function, which we denote by ¢'(0), is continuously differentiable and tends
to zero faster than any polynomial of 8, and F'(0) is bounded according to our assumptions
(and therefore grows to infinity not faster than a bounded polynomial of 6, cf. [52] p. (20)).
Therefore, we obtain: :

Vi) = [ Flavh|o (7)) ae

O-d

¢
1 " -0
- [ ()
—0 ’ e—0
:O.d+2 << o ) o ) _I>¢( o )de

1
=— [ F(0+o0¢) (ee” — 1) ¢ (€)de (2.156)
g Rd
Therefore, we have, with || - ||s denoting the spectral norm:
1
IVE ). = 155 [ F(O-+0€) (e 1) 6 () e, (2.157)
(a) 1
< 0—/ |F(0 + ce) (ee” —I) ||s6 (€) de (2.158)
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= % /d |F(0 + ce)l|l (eeT — I) ||s¢ (€) de (2.159)
S [ Bl(e” 1) () de (2.160)
/ Jee” — 0 () de 2.161)

<2 e+ 1211 o e) e 2.162)
© g/ (lell2 +1) ¢ (€) de (2.163)

=2 @)+ ([ oterce)| (2.164)
_ g d+ 1] (2.165)
RS

(2.166)

o2

Where (a) follows from Jensen inequality for expectation (and since any norm, including
the spectral norm, is convex) , and where (b) follows from the triangular inequality. And
where (c) follows from the fact that the spectral norm of ee' is ||€||2 since the Singular

Value Decomposition of €€ is ee’ = l€||2<— (therefore, the largest singular value of
[ell2 ||2 2]lell2

ee', which is the spectral norm by definition, is equal to ||€]|3). We can now use Lemma
1.2.2 in [112] to relate such bound on the Hessian to the smoothness constant of F,.

]

2.11.5.4 Proof of Theorem 2: Final convergence rate

We can now use the above results into the general framework from [152], with some additional
modifications to adapt their proof to our case of rewards mazimization (and not function
minimization), and to our specific proximal term, which is the indicator function of the ¢,
pseudo-ball of radius & (for which the Euclidean projection onto it is the hard-thresholding
operator), as well as a few modifications where we use our boundedness assumption on F
(Assumption 5) instead of Assumption 1(ii) in [152].

Proof. Let F;(0) := —F,(6), then we have
max F,(0) = min F, () (2.167)

6llo<F 16llo<k

Note that the nonconvex optimization problem minyg|,<x F,, (€) can be reformulated as
an alternative nonconvex optimization problem, wherein a nonsmooth, nonconvex indicator
function serves as a regularization term:

0, if |8l <k

Iollo<k 9cRd +00, otherwise

min F_ (@) = min F_ () +7(0) where 1(0):= {

7



Note that r(0) is a nonconvex lower-semicontinuous function (cf. the Introduction
of [152] for instance).

For simplification, denote by g; the averaged gradient estimator of VgF, (8;) at time
step t, i.e.,

gt —= —90_7{61_}?:1,{{7_;'5}:;\7:1}?:1 (Gt) (2168)
Then the update rule of 8,, is equivalent to

0,1 =trunc (6, — ag;)

1
€ arg min {7“(9) + ZHO —(0; — Oégt)HQ}

OcRd
1
= arg min {r(@)—l— (91,0 — 6,) —|——||9—0t||2} (2.169)
OcRd 2c
Then we have, with § denoting the Fréchet derivative (see [1%,152] for more details, in
particular the proof of Theorem 2 in [152]. ):

1 A 1 N
—(g+ + E(et-&-l —6,) €0r(611), VE_ (0i11) — (g + a(9t+1 —0,)) € O(F; +7)(0111),
(2.170)

1 1
7(0111) + (91, 011 — 0;) + %Hetﬂ — 0, <r(6,) + (91,60, — 6;) + %H@t — 60, =r(6,)

According to Lemma 4, the spectrum norm of Hessian matrix of F), is bounded by L := (dié)B,
which also implies that £ is L smooth. Then we have,
L
F;(0:11) < F;(6:) +(VE, (6:),00:1 — 6,) + 51061 — 0:*. (2.171)
Then we have
1.1
(g: = VF;(6:),8:11 — 60;) + 5(& — L)[|6:1 = 0] < (F; +7)(6:) = (F; +7)(0i11).
(2.172)
By Young’s inequality,
1 1 2 _ _ 1 _ 2
5(& — L)[|0s1 — Ocf]” <(F, +7)(6:) — (£ +7)(041) + ﬁllgt — VE,(6,)]
L
+ 51661~ 0. (2.173)
Summing up the above inequality over time steps t =0,...,T — 1, we have
T-1 T—1
o L) S0 — O <(E; +)(8) — (Fy +)(0r) + 5= 3 llgi ~ VE, (6]
%0 - t+1 tll” =y 0 o T-1 27, £ ¢ o \Ut
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~

<(Fy +1)(00) — (Fy +7)(6r 1) + 5= > g~ VE; (6)
1 T-1 =
=F, (60) — I, (6r-1) + oY lg: — VF,; (6:)]?
1 — -
<2B+ ; lg: — VF; (6,)]*, (2.174)

where the equality is due to the definition of the indicator function r(6) and since 6y
and Op_, are k-sparse, and the last inequality is due to Assumption 5. According to
Eq.equation 2.172, we also have:

2 1 —alL
o (gi = VF; (6141), 0141 — 6;) + o2 16,11 — 6,

_2((F, +1)(0) = (B, +7)(81)) 2

(VE;(0141) = VE; 0,01 —0,).  (2.175)

o a

Since 2<gt —VE (0:41), é(gtﬂ - 0t)> = |lg — VE; (01+1) + é(et-&-l — 9t)H2 — llg: —
Vo ()| - é”eﬂrl — 6,]]*, we have :

1
lge — VF, (0141) + a(0t+1 -0,

_ 1 1—al
<|lg: — V, (8:11)|I” + ;Het-i-l — 6] - o2

2((Fy +r)(8) = (Fy +1)(6rm)) _ 2

(0%

||9t+1 - 075“2

VE; (6111) — VE; 0,11 — 6,)

g

L
<2[lge = VF,; (8:)|1* + 2]V (8:) — V (61) | + L 0|

L 2 +1)(0) = (F, +7)(6i1)) %<

Q

+

VE;(0i11) — VF; 0,41 — 0,)

g

2((Fy +1)(0:) = (Fy +1)(B1))

<2llg: = VE, ()] + "

3L
(2L% + ;)Heﬂrl — 0.,
(2.176)

where the second inequality is due to Young’s inequality and the last inequality is due
to the smoothness of the gradient. Summing up the above inequality over time steps
t=0,...,7—1, we have :

T—1

1
> lge—VE; (6i1) + a(9t+1 -0,
=0

T—1
- 2((F, +7)(6) — (F, +7)(0r-
<23 |lg: - VE, (8,)]° + (( )(6o) a( )(0r1))
t=0
3L =
+(2L2+E) H0t+1—0t|’2

t

Il
=)
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T-1

2
<2 Z lg: — VE; (8] + 22 5, = Z 1641 — 647, (2.177)

where the last inequality is due to Assumption 5 and setting a = £ < i Combing the
above inequality with Equation equation 2.174 and Equation equation 2.170, we have :

E[dist(0, d(F; +r)(07))?]

1 1
<7 2B |l ~ VE(6e0) + 2 60 - 0]
t=0 «
9 T—-1
2
ST 2 Ellgi — VE,; (0, + . + —= Z 16,11 — 6,
T-1 T—1
2 4B 2 4B 1
<= Elg.—VF, (60)*+ — Ellg: — VF(6,)|?

t
2¢(1—2¢) +2 1 B 12—8c B
= T2 NTE|g — VES(6))? — 2.178

We can now plug the result we obtained in Lemma 10 in the result above, to obtain:

E [dist (o, O (~F, (6r) + 140(k)(0T)))2] <

Using Jensen inequality and the fact that the square-root function is concave, we obtain
Theorem 2.

]
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Chapter 3

Iterative Hard Thresholding over Sparse
Support-Preserving Sets

3.1 Introduction

In sparse optimization, directly enforcing sparsity with the ¢y pseudo-norm has several
advantages over its convex relaxation counterpart. In compressive sensing for instance [55],
one may seek to recover an unknown vector, which sparsity level is known to be at most k.
Similarly, in portfolio optimization, due to transaction costs, one may seek to ensure hard
constraints on the maximum number of assets invested in [26,19]. However, in several use
cases, one may also seek to enforce additional constraints, such as, for instance, a budget
constraint in the case of portfolio optimization, which can be enforced through an extra ¢,
constraint, as in [1358]. As another example, in sparse non-negative matrix factorization,
when estimating the hidden components, one seeks to enforce at the same time a norm
constraint and a sparsity constraint [73]. The problem of ¢, empirical risk minimization
(ERM) with additional constraints can be formulated as follows, where R is an empirical
risk function, I' C R denotes a convex constraint set, and || - ||o denotes the £, pseudo-norm
(number of non-zero components of a vector):

min R(w), s.t. |[w]o<kand w eT. (3.1)
weRP
In the literature, several algorithms have been developed to address such a problem with
mixed constraints, but they typically require the existence of a closed form for the projection
onto the mixed constraint, and/or their convergence guarantees are only local, which makes
it difficult to estimate the sub-optimality of the output of the algorithm. More precisely, on
one hand, some works provide convergence analyses for variants of a (non-convex) projected

gradient descent, explicitly for mixed sparse constraints [14,97, 103, 120], or for general
proximal terms (which encompasses our mixed constraints) ( [1,22,23,43,56,67,87,152-155]),
but such analyses are only local. On the other hand, several existing works on Iterative Hard
Thresholding (THT) provide global guarantees on sub-optimality gap [40,76,88,116,133], but

they do not apply to the mixed constraint case we consider. In between the two approaches,
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one can also find [9] and [90] which, in the deterministic case, give global guarantees for
general non-convex constraints or thresholding operators, but which do not provide explicit
convergence guarantees for the particular mixed constraint setting that we consider: their
rates depend on some constants (the relative concavity or the local concavity constant) for
which, up to our knowledge, an explicit form is still unknown for the mixed constraints
we consider. We present a more detailed review of related works in Section 3.2, and an
overview of them in Table 3.1. To fill this gap, we focus on solving problem 3.1 in the case
where I' belongs to a general family of support-preserving sets, which encompasses many
usual sets encountered in the literature. As will be described in more detail in Section 3.3,
such sets are convex sets for which the projection of a k-sparse vector onto them gets its
support preserved, such as for instance ¢, norm balls (for p > 1), or a broader family of
sign—free convex sets described for instance in [97] and [14].

Adapted to the properties of such constraints, we propose a new variant of IHT, with a
two-step projection operator, which, as a first step, identifies the set .S of coordinates of the
top k components of a given vector and sets the other components to 0 (hard-thresholding),
and as a second step projects the resulting vector onto I'. This two-step projection can offer
a simpler alternative to Euclidean projection onto the mixed constraint in the cases where
there is a closed form for the latter projection, and handle the cases where there is not. We
then provide global sub-optimality guarantees without system error for the objective value,
for such an algorithm as well as its stochastic and zeroth-order variants, under the restricted
strong-convexity (RSC) and restricted smoothness (RSS) assumptions, in Theorems 4, 7,
and 9. Key to our analysis is a novel extension of the three-point lemma to such non-convex
setting with mixed constraints, which also allows, as a byproduct, to simplify existing
proofs of convergence in objective value for IHT and its variants. In the zeroth-order case,
such technique also allows to obtain, up to our knowledge, the first convergence in risk
result without system error for a zeroth-order hard-thresholding algorithm. Additionally,
our results highlight a compromise between sparsity and sub-optimality gap specific to the
additional constraints setting: through a free parameter p, one can obtain smaller upper
bounds in terms of risk but at the cost of relaxing further the sparsity level of the iterates,
or, alternatively, enforce sparser iterates but at the cost of a larger upper bound on the risk.

Contributions. We summarize the main contributions of our paper as follows:

1. We present a variant of IHT to solve hard sparsity problems with additional support-
preserving constraints, using a novel two-step projection operator.

2. We describe a novel extension of the three-point lemma to such constraint which
allows to simplify existing proofs for IHT and to provide global convergence guarantees
in objective value without system error for the algorithm above, in the RSC/RSS
setting, highlighting a novel trade-off between sparsity of iterates and sub-optimality
gap in such mixed constraints setting.

3. We extend the above algorithm to the stochastic and zeroth-order optimization
settings, obtaining similar global convergence guarantees in objective value (without
system error) for such mixed constraints setting. In the zeroth-order case, this also
provides, up to our knowledge, the first convergence result in objective value without
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system error for a zeroth-order hard-thresholding algorithm (with or without extra
constraints).

Table 3.1: Comparison of results for Iterative Hard Thresholding with /without additional
constraints. ! S: symmetric convex sets being sign-free or non-negative [97], A: sets verifying
Assumption 9. 2 If a paper reports both |jw — | and R(w) — R(w), we report only the latter. 7"
time index of the w returned by the method (e.g. T = arg min,c 7 R(wy) ). w: k-sparse vector

in I'. A: System error (non-vanishing term which depends on the gradient at optimality (e.g.
4

E;[VR;(w)]|, (see corresponding references))). *: ks = 2> and kg = iz’ (cf. corresponding refs.

for defs. of s and s’). 3 SM: Lipschitz-smooth, D: Deterministic. S: Stochastic, Z: Zeroth-Order, L:

5

Lipschitz continuous. °: see also Thm. 3, 6: see also Thm. 6.

Reference It Convergence? k Setting?®
_ D, RSS,
rop R Rlwp) < Rw)te  0wh DRl
16 R Blo;—w| <e+0(8) Q) pee
[54] R ER(w;) < R(w) +<+0(8)  Q2h)
[163]6 R ER(w;) < R(w) + k) e
—S.Z
[46] R¢ Elw; —w| <e+ O(A)+0(u) Qrik)  RSS,
RSC
[97], [14] res local convergence - D, SM
{+ ball
[103] around local convergence - S,7Z,L
0
IHT-TSP (Thm. _ 2z\ D, RSS,
2 Y R(w;) < (1+2p)R(w) +¢ Q0 (Hpsj) hee
HSG-HT-TSP _ 27 S, RSS,
e reA  ERwz)<(1+2p)Rw) +c Q (p’“) -
HZO-HT - _ 7RSS,
ot R ElRw) - R@) <e+O() QR R
HZO-HT-TSP _ 25\ 4, RSS’,
(Thm, 6) FeA ERw;) < (1+2p)R(w)+e+O() Q( ’“) 260

3.2 Related Works

Below we present a more detailed review of the related works.
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3.2.1 Local Guarantees for Combined Constraints

Among the works considering optimization over the intersection of the ¢, pseudo-ball
of radius k£ and a set I', [103] analyze the convergence of a first-order and zeroth-order
stochastic algorithm with a weighted ¢y group norm constraint (which generalizes the ¢
norm), combined with an £, ball constraint. [120] provide a deterministic algorithm which
can tackle extra positivity constraints. [97] and [14]| analyze the convergence of variants of
hard-thresholding in the deterministic case, with extra constraints that are symmetric and
sign-free or positive. Other line of works such as [1,22,23,13,56,67,87,152-155] have a
general approach, and analyze the convergence of general proximal algorithms, for composite
problems of the form min,, R(w) + h(w) where h is a more general non-convex regularizer
which can include the ¢y constraint combined with an additional constraint, as long as the
closed form for the projection onto the mixed constraint is known (or an approximation of
it in the case of [67]). However, all of these works only provide guarantees of convergence
towards a critical point, or at best, a local optimum. We provide an overview of those
works in Table 3.1. More details about algorithms with local convergence specialized to ¢,
optimization can also be found in Table 1 from [12].

3.2.2 Global Guarantees for IHT and RSC Functions

On the other hand, in the case of restricted strongly convex (RSC) and restricted smooth
(RSS) functions, existing approximate global guarantees for the IHT algorithm do not
apply to problems with such combined constraints. Indeed, several works have considered
global convergence guarantees for IHT in various settings: the full gradient (deterministic)
setting (THT [76]), the stochastic setting 35, 116, 133], and the zeroth-order setting [16].
However, they do not address the case where the extra constraint I" is added to the original
sparsity constraint. The works of [9,90] tackle respectively general non-convex thresholding
operators, and general non-convex constraints, in the full gradient (deterministic) setting
but however they do not provide explicit convergence rates for the particular type of sets
that we consider in this paper: their rates depend on some constants (the relative concavity
or the local concavity constant) for which, up to our knowledge, an explicit form is still
unknown for the sets we consider.

3.3 Preliminaries

Throughout this paper, we adopt the following notations. For any w € RY, IIp(w)
denotes a Euclidean projection of w onto I', that is IIp(w) € arg min,er ||w — 2|2, and
w; denotes the i-th component of w. By(k) denotes the ¢y pseudo-ball of radius k, i.e.
By(k) = {w € R : ||w||o < k}, with || - ||o the £y pseudo-norm (i.e. the number of nonzero
components of a vector). Hy denotes the Euclidean projection onto By(k), also known as
the hard-thresholding operator (which keeps the & largest (in magnitude) components of a
vector, and sets the others to 0 (if there are ties, we can break them e.g. lexicographically)).
|| - |l, denotes the £, norm for p € [1,+00), and || - || the £ norm (unless otherwise specified).
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[n] denotes the set {1,...,n} for n € N*. For any S C [d], |S| denotes its number of elements.
For any w € R?, supp(w) denotes its support, i.e. the set of coordinates of its non-zero
components. We also introduce below the usual assumptions on R for IHT proofs, i.e. RSC

([76,88,96, 108, 116,133, 157]), and RSS ( [70,58, 157]).

Assumption 7 ((vg, s)-RSC). R is v, restricted strongly convex with sparsity parameter s,
i.e. it is differentiable, and there exists a generic constant vy such that for all (z,y) € R?
with ||z — yllo < s:

R(y) > R(@) + (VR(@).y — @) + ||z — y| (3.2)

Assumption 8 ((Ls,s)-RSS). R is L, restricted smooth with sparsity level s, i.e. it is
differentiable, and there exists a generic constant L, such that for all (x,y) € R? with
[ —yllo < s:

R(y) < Rla) + (V@) y —2) + e~y (33

We then define the notion of support-preserving set that we will use throughout the
paper. It essentially requires that projecting any k-sparse vector w onto I' preserves its
support. That is, the convex constraint I' should be compatible with the sparsity level
constraint ||wl|y < k.

Assumption 9 (k-support-preserving set). I' C R? is k-support-preserving , i.e. it is
convex and for any w € R? such that ||w|o < k, supp(Ilp(w)) C supp(w).

Remark 10. Below we present some examples of usual sets that also verify Assumption 9
(see Section 3.5.1 for a proof of such statements):

o Elementwise decomposable constraints, such as box constraints of the form {w € RY :
o Group-wise separable constraints where the constraint on each group is k-support-

preserving (such as our constraints in Section 3.8 for the index tracking problem,).
o Sign-free convex sets [1/,97] (def. in Section 3.5.1), e.g. £, norm-balls.

3.3.1 Proof of Remark 10

Before proceeding with the proof of Remark 10, we recall the definition of sign-free convex
sets from [97] and [11] below. Essentially, sign-free convex sets are convex sets that are
closed by swapping the sign of any coordinate.

Definition 12 ( [97], [11]). A conver set T is sign-free if for all y € {—1,1}¢ and for all
x e, xOy €T, where ® denotes the element-wise vector multiplication (Hadamard
product for vectors).

We now proceed with the proof of Remark 10.
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Proof of Remark 10. It is easy to show that any elementwise decomposable constraint
such as box constraint is support-preserving (as projection can be done component-wise,
independently). Similarly, for group-wise separable constraints where the constraint on
each group is k-support-preserving (such as the constraint for the index tracking problem
in our Section 3.8), for a k-sparse vector £ € R?, one can project each group of coordinates
independently, and each of such projection will have its support preserved (since each such
group of coordinates also contains less than k£ non-zero elements, i.e. they are k-sparse).
Therefore, we analyze in more detail the case of sign-free convex sets. Let I' be a sign-
free convex set, and let & € R? be a k-sparse vector. Define z = IIp(x) and assume that
supp(z) Z supp(x). This implies that there exist some non-empty set of coordinates S C [d],

—zifke S .
such that for all i € St z; # 0 and z; = 0. Define 2’ such that z; = g _ . Since
z, otherwise
Oifke S
I is sign-free, 2’ € I'. Now, define z” such that 2} = i _ . Since I' is convex
z, if otherwise
and since 2" = %z’ + %z, we have 2z’ € . Now, we have:
d
lz—2"15 = (@ —2)*= > (zx—2)°
k=1 keld\S
d
< Z T — 2k) —i—Zxk—zk Zxk—zk )=z — 2|35 (3.4)
keld]\S kesS k=1

Therefore, we encounter a contradiction since we have defined z = IIp(x), and therefore,
our assumption supp(z) € supp(x) is wrong, which means that supp(z) C supp(x). O

3.4 Deterministic Case

3.4.1 Algorithm

Two-Step Projection. In all the algorithms of

this paper, we will make use of a two-step projection

operator (T'SP), which is different in general from W
the usual Euclidean projection (EP), in order to ob- r |
tain, from an arbitrary vector w € R?, a vector in

w € By(k) NI'. We consider such a TSP instead |
of EP since it enables the derivation a variant of Xﬁkf"j*ﬂk(w
three-point lemma (Lemma 13) which can handle

our specific non-convex mixed constraints, and is key

to obtaining the convergence analyses we present in

Sections 3.4 and 3.6. In addition, the TSP can be

more intuitive and efficient to implement than EP

(see Section 3.8.2.1 for more discussions about TSP vs Figure 3.1: Support-preserving set
and two-step projection (d = 2,k =
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EP). The TSP procedure, which we denote by II%, is

as follows: we first project w onto By(k) through the

hard-thresholding operator H;, to obtain a k-sparse

vector vy = Hy(w). Then, we project vy onto I' | to obtain a final vector wg = Ir(vy),
where S = supp(vy). Note that consequently, the obtained wg is not necessarily the EP
of w onto By(k) NI, that is, we do not necessarily have wg = I, u)nr(w). However,
when Assumption 9 is verified, we have wg € By(k) NT" (since, because of Assumption 9,
supp(wg) C supp(vg) and hence ||wgllo < [|vk|lo < k), therefore each iteration remains
feasible in the constraint. We illustrate such a two-step projection on Figure 3.1. We
now present our full algorithm in the case where R is a deterministic function without
further knowledge of its structure. It is similar to the usual (non-convex) projected gradient
descent algorithm, that is, a gradient update step followed by a projection step, except that
instead of projecting onto I' N By(k) using the Euclidean projection, we obtain a vector
wy, € I'N By(k) through the two-step projection method described above. We describe the
algorithm in Algorithm 7 below.

Algorithm 7: Deterministic IHT with extra constraints (IHT-TSP)
Input: wy: initial value, n: learning rate, T: number of iterations
fort=1toT do

| wy T (wiy — nVR(w;1));
end
Output: wyr

Remark 11. In the case where T' is a symmetric sign-free convex set (we refer to [97]
for the definition of such sets, which include for instance any €, norm constraint set for
p € [1,+00) ), then the two-step projection is actually the closed form of an Euclidean
projection onto the mized constraint I' N\ By(k) (see Theorem 2.1 from [97]). Therefore, in
such cases, Algorithm 7 is identical to a vanilla (non-convex) projected gradient descent
algorithm (for which up to now there was still no global convergence guarantees in such a
mized constraints setting in the literature).

3.4.2 Convergence Analysis

Before proceeding with the convergence analysis, we first present below a variant of the
usual three-point lemma from constrained convex optimization, which plays a key role in
our proofs. The common three-point lemma for a projection onto a convex set £ relates
the distance between a point w € R?, its projection Ilg(w), and any vector w from the set
&, through the relation ||w — w||* > ||g(w) — w||* + ||TIg(w) — w]|?>. Such a three-point
lemma is used for instance in a general Bregman divergence form to prove convergence
of mirror descent for smooth functions in [27]. Indeed, although proving the convergence
of projected gradient descent in the non-smooth case only needs the non-expansivity of
projection onto a convex set, the proof for the smooth case usually needs such a three-point
lemma, which can be seen as a stronger version of non-expansivity. However, due to the
non-convexity of the ¢, pseudo-ball, the convex three-points lemma above does not hold.
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Fortunately, building upon Lemma 4.1 from [90], we can obtain a three-point lemma for
projection onto the ¢y pseudo-ball.

Lemma 11 ({y three-point lemma, proof in Section 3.5.1.2). Consider w,w € R? with
|wl|lo < k. For any k < k, with 8 := £, it holds that:

[ (w) — wlf? < w = w2 = (1~ /B) [He(w) - ] (3.5)

Note that if £ > k, 8 tends to 0, and therefore we approach the usual three-point
lemma from convex optimization. This is coherent with the literature on IHT, in which
relaxing the sparsity degree (i.e. considering some k > k) is known to make the problem
easier to solve (see also Remark 12 below). In addition, the inequality in Lemma 11 is tight
with respect to the coefficient v/f3, as illustrated by the following lemma.

Lemma 12 (Tightness, proof in Section 3.5.1.3). Consider an arbitrary pair of integers
(k, k) with k > k and an arbitrary scalar p € (0,1). Then there exist w and w with
|lw|lo =k and |wl||o = k such that the following holds:

lw = Hi(w)||* > [|w — wl]|* — [[Hy(w) — w]|* + p\/%llHk(w) —w|”. (3.6)

Lemma 11 allows us to prove the following rate for convergence in risk of IHT without
system error, which appeared first in [76]. Our proof, however, is simpler than the original
proof from [70], as we will discuss below.

Theorem 3. (Equivalent to Thm. 1 from [70], see also Thm. 3.1 from [90]. Proof in
Section 3.5.2.1) Assume that I' = R%. Suppose that Assumption 7 and Assumption 8 hold.
Let s =2k. Let n = Ll Let w be an arbitrary k-sparse vector. Suppose that k > 4r2k with
ks 1= L= Then for any ¢ > 0, the iterate of IHT satisfies R(w;) < R(w) + ¢ if

2L L, — — wl|?
t > [ Slog(( s = o)l[wo = W] )—‘ + 1.
Vs 2¢e

Proof Sketch. Using the L,-RSS of R and some algebraic manipulations, and denoting
g: = VR(w;) and v; := Hy (w1 — L%gt—l) (= w; when ' = R?), we have:

L, 1 1
R(v;) < R(w;—1) + 7”’015 — Wi+ L—sgt—1||2 T oL |ge—1?
(a) L, _ 1 L, B 1
<R(w; 1) + 7”“’ — W1+ L—Sgt—1|’2 - 7(1 - \/B)H’Ut - w|]2 - 2_Lngt’1H2
(b) — Ls — Vs _ Ls _
<R(w) + = fwi — @l - (1= VB~ @l (3.7)

where (a) follows from Lemma 11, and in (b) we used the RSC of R with some rearrangements.
The proof for Theorem 3 can be concluded with telescopic sum arguments. O

88



Remark 12 (Necessity of k = Q(kx?)). Note that the relazation of k to Q(kk?) in Theorem 3
1s unimprovable for IHT, as we detail in Section 3.5.3 with a counter-example, similar to but
slightly simpler than the counter-example from Section E.1 in [0]). Therefore, we highlight
that all of the following results in this paper will also be expressed in terms of such a relazed
k: this is a fundamental limitation of IHT, and not a limitation of our proof techniques.
More details on such relazation (which is widespread amongst IHT-type algorithms as can
be seen in Table 3.1) and how it is a natural way to obtain global guarantees for sparsity
enforcing algorithms, can be found in [5, 0, 90].

Comparison with Previous Proofs. Perhaps the original and most widespread proof
framework for convergence in risk of IHT without system error is the one from |76] Theorem
1. Their proof framework is also used for instance in some stochastic extensions of IHT (see
Theorem 2 in [163], or Theorems 1 and 2 in [124], even if [1241] assume R to have a k-sparse
minimizer which is a strong requirement). The proof from |76] uses specific properties of the
hard-thresholding operator to carefully bound the magnitude of the components of V R(wy)
on various sets of coordinates (the support of w;, w1, and w, and some intersections and
unions of such sets). Using such techniques, however, makes it difficult to derive proofs of
IHT in other settings (stochastic, zeroth-order, extra constraints). However, recently, [90]
provided a proof of convergence for IHT which avoids such complex considerations about
the support sets of the gradient, using their Lemma 4.1 on the relative concavity of the
hard-thresholding operator. Our work goes in a similar line of work, but we build upon
their Lemma 4.1 to prove a three-points lemma for hard-thresholding (our Lemma 11)
which allows us to obtain simple proof frameworks also for the stochastic case (retrieving
the previous from [163]) and the zeroth-order case (obtaining a new result). But perhaps
more importantly, we are able to extend our Lemma 11 to the case with extra constraints
[’ verifying Assumption 9 (Lemma 13 below). Such a lemma will allows us to obtain
convergence results in the new extra constraints setting that we consider in this paper
(providing three new results, in the deterministic, stochastic, and zeroth-order case). It
relates together the four points involved in the two step projection (w € R?, Hy(w), TIE(w),
and w € I'N By(k) ).

Lemma 13 (Constrained {y-Three-Point, proof in Section 3.5.1.4). Suppose that Assump-
tion 9 holds for a set I'. Consider w,w € RP with ||wl|lo < k and w € I'. Then the following
holds for any k > k:

> =

ITIF (w) — w|* < [lw —@|f* - [|Tf (w) — | + /B Hi(w) —w|*, with § =

Equipped with such lemma, we can now present the convergence analysis of Algorithm 7
below, using the assumptions from Section 3.3, and we will describe how the results give rise
to a trade-off between the sparsity of the iterates and the tightness of the sub-optimality
bound, specific to our mixed constraints setting.

Theorem 4 (Proof in Section 3.5.2.2). Suppose that Assumption 7, 8, and 9 hold, and that

R is non-negative (without loss of generality). Let s = 2k, n = L%’ and w be an arbitrary
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k-sparse vector. Let p € (0, %] be an arbitrary scalar. Suppose that k > %IZ. Then for

s

any € >0, for T > H— log <%>-‘ +1 = 0O(k,log(2)), the iterates of IHT-TSP

satisfy:
%n[iTr}R (wy) < (1+2p)R(w) +¢. (3.8)
€
Further, if w is a global minimizer of R over By(k) := {w : ||w|o < k}, then, with p = 0.5
in the expressions of k and T above: minypr R (w;) < R(w) + .

Proof Sketch. To obtain the proof for general I', we reiterate a similar proof as for Theorem 3,
but this time, instead of Lemma 11, we use our more general Lemma 13, adapted to general
I and to our two-step projection technique, to obtain (see the Proof Sketch of Thm. 3 for
the definition of v,):

L, — v L

s _ Ly _
R(w;) < R(w) + 5 ||wt_1—'w||2—?||wt—w||2+7\/ﬁ||'vt—w||2. (3.9)

Finally, taking a convex combination of equations 3.7 ( xp) and 3.9 (x(1—p)) for p € (0,0.5],
using the bound [|w; — w||* < ||vy — w||* (non-expansiveness of convex projection onto I'),
and carefully tuning & depending on p (resulting in our final trade-off between sparsity and
optimality), we can fall back to a telescopic sum and conclude the proof. O

Remark 13. Theorem 4 therefore provides a global convergence guarantee in objective value.
However, contrary to usual quarantees for IHT algorithms under RSS/RSC conditions
(which are bounds of the form R(w,;) < R(w) + ¢ for some t) , our bound is of the form
R(w;) < (14 2p)R(w) +¢. There is a trade-off about the choice of p € (0,0.5]. On one
hand, p — 0 is preferred in view of the RHS of above bound. On the other hand, the
sparsity-level relazation condition k > %% prefers p — 0.5. We illustrate such a
trade-off on some synthetic experiments in Section 3.8.1.

3.5 Proofs for Deterministic Optimization

3.5.1 Proof of Lemmas 11 and 13
3.5.1.1 Useful Lemmas

We first recall some useful definitions and lemmas from the literature.

Definition 13 (Relative concavity [90]). The relative concavity coefficient . 5 of a k-sparse
projection operator Hy, of relative sparsity B = % with k < k is defined as:

(y — Hi(2), 2 — Hi(2))
ly — Hi(2)]5

Vi, (Hi) :SUP{ y,z € R |lyllo < ﬁk,y#m(z)}-
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Lemma 14 (Lemma 4.1 [90]). When Hy, is the hard-thresholding operator at sparsity level

k, we have:
VB 1 \/E
Veg (Hi) = 5 9V % (3.10)

Proof of Lemma 14. Proof in [90]. ]

3.5.1.2 Proof of Lemma 11
Proof of Lemma 11. We have:
lw —wl]* = [lw — Hi(w)[|* + | Hi(w) — w]* + 2(w — Hy(w), Hi(w) — w)

(@
> |lw = Hi(w)|* + [Hi(w) — w]|* — 29, Hi(w) — w]|?
= llw — Hi(w)[* + (1 = 29,) [ Hi(w) — w]|*

D Jw — He(w)|? + (1 B \/%) [Hi(w) — @], (3.11)

where (a) follows from Definition 13 and (b) follows from Lemma 14. Therefore, rearranging,
we obtain:

[Hr(w) — wl|* < [lw — w|* — <1 - \/%) [ (w) — w|*. (3.12)

The proof is completed. n

3.5.1.3 Proof of Lemma 12

Of Lemma 12. Let a = /% and b= 252 € (p,1). Consider

w=/[1,..,1,b,..0 eR"* w=][0,..,0,aq,..d € RFF.
k k

Then we have Hy(w) = [1,...,1,0,...0] and
T \E:/_/

lw = Hi(w)[|* =%k, |lw—w|* =k+ (a—b)%k [[Hi(w)—w|*=k+a’k

It can be verified that

lw — Hi(w)||* — w — w|]* + |[H(w) — @[> _ 200k _ b\/E > p\/E
[H(w) — w2 ktak  Vk k

This proves the desired inequality. O

91



3.5.1.4 Proof of Lemma 13
Proof of Lemma 13. Let us abbreviate vy := H(w). It can be verified that

T (w) — w]? = || [T (w) — vy, + v — w)|

9 T ) — o + o — w]?

(b) B _ ~ B B
<llox — w|* — [T (w) — | + lw — |2 = (1= /B) [[or. - |
=l — @||* — [T (w) — B> + v/Bllvx — ] (3.13)

where (a) is due to Assumption 9 and the definition of the two-step projection, which
imply that II&(w) — v, and v, — w have disjoint supporting sets, and (b) uses the three-
point-lemma for projection onto a convex set I' , as well as Lemma 11. The proof is
completed. n

3.5.2 Proof of Theorems 3 and 4
3.5.2.1 Proof of Theorem 3

In this section, we present the proof of Theorem 3 for the convergence of Algorithm 7
without the additional constraint, which as mentioned above, is needed for the proof of
Theorem 4, but also, as a byproduct, illustrates how the three-points lemma simplifies
previous proofs of Iterative Hard-Thresholding.

Proof of Theorem 3. The L,- restricted smoothness of R implies that
R(w;)

L,
<R(wy—1) + (VR(wi—1), w, — wi—1) + 7||’wt - ’wt—l”2

L, 1 S |
=R(w;_1) + > H'wt —wy_q + L—SVR('wt_l) - oL, IVR(wey)|?
(a) L. _ 1 S )
§R(wt,1) + 7 Hw — Wy + L_VR(wtfl) — 7(1 — \/E)Hwt — ’LUH2
1
- 5| RGP
_ L, — 12 L, 2
= R(w, 1)+ (VR0 1), —we 1)+ = ey — o] = (1= /B, — ]
_ L, — v, L,

<R(w) + 2wy~ — (1~ /B e — ]

L, — v, _ 2L, — v, _
<R(w) Jw—y — wl* — Tllwt —w|?, (3.14)
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where (a) uses Lemma 11, (b) is due to the v,-restricted strong-convexity of R, while the

last step is implied by the condition on the sparsity level £ from the theorem (k > ALS k),

and the definition of 8 (8 = 1/£).

The update rule composed of the gradient step and the projection from Algorithm 7 can
be rewritten into the following (given that the learning rate is n = Lis, and by definition of
a projection):

2

w; = arg  min
w s.t.||wlo<k

1
w — ('wt_l — L—VR(wt_1)>

. 2 1
=arg min —(VR(wi1), w —w_1) + [|[w —w,_||* + ﬁHVR(wt_l)H2

w st.|lw|o<k Lg

. L
=arg min R(w; 1)+ (VR(w; 1), w —w; 1) + 7Hw —w;_1|*. (3.15)

w s.t.||wlo<k
Therefore, by definition of an arg min, we have:
Ly N
R('wt,l) + <VR(’UJ1§,1), wy — ’wt,1> + 7Hwt — wt,1H

L
< R(wy—1) + (VR(wi—1), w1 — wi—1) + 7”’1075—1 — wt—1||2
_ Riw,_,) (3.16)

And from the L, smoothness of R, we also have:
Ly 9
R(wt) S R(wt,l) + <VR(wt,1), wy — ’wt,1> + 7”’11)15 — wt,1H . (317)

Therefore, combining equations 3.16 and 3.17, we obtain:
R(w;) < R(w;_1). (3.18)

That is, the sequence { R(w;)}+>o of risk is non-increasing.

Let us now consider

o A AT TR

Vg 2¢e

We claim that R(w;) < R(w) + ¢ for t > T+ 1. To show this, suppose that 3¢ € [T] such
that R(w;) < R(w) + . Then the claim is naturally true by monotonicity. Otherwise
assume that R(w;) > R(w) + ¢ for all ¢ € [T]. Then in view of the inequality equation 3.14
we know that

2L, — 2u,

_
wr—_1 —w
s~ w]

lwr —wlf* <
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Vs _
< (1757 ) Ior-s - ol
U T
<(1-57) ool
Vg 2
= exp ( T'log 57 ) ) llwo — o
2L (Ls — vs)lwo — w|” Vs —112
< _
< exp( " log( 9 +1)log(1— oL, |lwo — w||
Vg 2L, L, — v)||lwy — w||? _
i W o
2) LU 2L81 2e
— eX (0]
= oL, ) P\ 0, B\ (L — ) [wo — w2
Vs 2¢ () 2¢
=(1- < 1
( 2LS) L,—vy, = Ly—v, (3.19)

where (a) follows from the fact that for all x in (—o0,1): log(1 —x) < —z, and (b) uses the
fact that (1 — 5 ) <1.

—~

lwo — w?

Then according to equation 3.14 we must have

L,—v

R(wri) < R(w) + =5 —lwr —w|* < R(w) +¢,

which implies the desired claim. The proof is completed. O

Remark 14. Theorem 8 recovers the result of Theorem 1 from [70]. Our proof is shorter
yet more intuitive than in that paper.

3.5.2.2 Proof of Theorem 4

Using the above results, we can now proceed to the full proof of convergence of Theorem 4
below.

Proof of Theorem 4. Denote v; = Hy(w; 1 — LLSVR('wt_l)) for any ¢ € N. Similar to the
arguments for equation 3.14, based on the Lg-restricted smoothness of R we can show that:

R(w,)

L,
<R(wi—1) + (VR(w—1), w, — wy_q) + 7”“% —w . |]?

2

1 1
—VR(wi1)|| — —HVR(wt ol

L
:R(wt_l) -+ 7 Hwt — W1 + Ls

(a) L, 1
<R(w;_1) + 5 H’lf? —wiq + L—VR(’wt—l)

2
L. o
— —||lw; —w
5 llw, = w|
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Ly N
+ VBl - ol - -

(wi—1)[|*

_ Ly _ Ly _
=R(w;—1) + (VR(w; 1), w — wy_1) + 7||wt—1 —wl|® - 7||wt —w|?

+ —\/_Hvt w*

® L,—v _ L, _
<R(w) + “wir —w|* - 5 llwe — w|* + _\/_”Ut |

P
4(1 - p)

v, — wl?, (3.20)

where (a) uses Lemma 11, (b) is due to the vs-restricted strong-convexity of R, and the last
2 2 —
step is due to the condition on sparsity level k from the theorem (k > %k), and the

definition of § = \/g .
In view of equation 3.14, which is valid under the given conditions, we know that

Ls_Vs
2

2L, — v,
4

R(vy) < R(w) + [y — wl|* — lo: — wl|*. (3.21)

After proper scaling and summing both sides of equation 3.20 and equation 3.21 yields that

(1= p)R(wy) + pR(vy)
Ly — v 7||2 - (1—-p)L, 2 p(Ls — vs)
2

w; — w||? (3.22)

<R(w) + lve — w|*

Ls_Vs

La—pra

=R(w) + 5

lw—1 — w]* —

where in the second inequality we have used w € I' and the non-expansiveness of projection
over convex sets.

Let us now consider

T F_leog((Ls—Vs)Hwo—wWﬂ' (3.23)

2e

We claim that:

min {(1 — p)R(w;) + pR(vy)} < R(w) + ¢. (3.24)

te[T+1]

To show this, suppose that 3¢ € [T'] such that (1 — p)R(w;) + pR(v:) < R(w) +¢. Then
the claim is naturally true. Otherwise assume that (1 — p)R(w;) + pR(v;) > R(w) + ¢ for
all t € [T]. Then in view of the inequality equation 3.22 we know that

_ Ly — vy _ 1—p)s _
fwr = w0l <= s~ wlf < (1= B2 ) g - o
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(1= p)vs ! . 2
<({l——F— — < . 2
<(1-552%) o -wip < 2 (3.25)

Then according to equation 3.22 we must have

Ls_ S _ _
s llwy — @|? < R(w) + e, (3.26)

(1 = p)R(wri1) + pR(vri1) < R(w) +

which proves the claim from equation 3.24. Now, recall that we have assumed in the
Assumptions of Theorem 4, without loss of generality, that R is non-negative (if not, we
can redefine R by adding a constant, without modifying the gradient of R, keeping the
algorithm untouched), which implies that R (v;) > 0. Plugging this in equation 3.24, for

T > PLS log (—LS s )| wo ]| ﬂ + 1 implies that:

"(1-p)
1 €
in R <—R(w)+ —<(1+2p)R . 3.27
min B (1)) < — <>+1_p (1 20)R(w) + (3.27)
Plugging the change of variable ¢/ = —= into equation 3.27 above, and in 3.23, we obtain
that when T' > PL‘ log ((LS - ||'w0 “’” )
min R (w;) < (1+ 2p)R(w) + £'. (3.28)

te(T)

Further, consider an ideal case where w is a global minimizer of R over By(k) :=
{w: ||lw|lo <k}. Then R(v;) > R(w) is always true for all ¢ > 1. It follows that

the bound in equation 3.24 yields, for T' > { =2 Jog (%{Wﬂ + 1:

min{(1 — p)R (w;) + pR(w)} < mln{(l —p)R (wy) + pR (v:)} < R(w) + ¢

te(T)

which implies: minyepr R (w;) < R(w) + 1%,)' In this case, we can simply set p = 0.5, and
define &' = = 2¢ similarly as above. This implies the desired claims. The proof is
completed.

1—

O

3.5.3 Lower Bound on the Sparsity Relaxation

Consider x > 1, p = k + x*k and the following defined diagonal matrix A of size p x p and
vector b of size p:

- O X
— O
_ o O O
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Clearly, A is k-smooth and 1-strongly convex. Let us consider the following quadratic

objective function:

f(w) = %('w —b)"A(w — b).

Let k € [k, x%k] be the relaxed sparsity level used for IHT, and being an even number
(without loss of generality). Consider the following defined p-dimensional sparse vectors
such that ||Z]|o = k and ||z]|o = k:

w=[1,kK...,50,...,0]' €RF, w=1[0,...,0,k,...,5,1,...,1,0,...,0]" € R
k K2k k/2 k/2 k—k/2  K2k—k+k/2

We next prove the following theorem which shows that & > O(x%k) is indeed necessary for
[HT to converge in some extreme cases for optimizing f.

Theorem 5. Ifk > 4 and k < %’E, then it holds that
K2k
> I3 R
flw) = @)+ 5
while w s a fized point of IHT with sparsity level k and step-size n = i, i.€.,

w = Hy (w —nVf(w)).

Therefore

f(w)—f(w):%(/@—i- g—l)ﬁ%—g—k)
()
al (k , K2k
_5(1/‘% _k>21_67

where (; uses k> 4, and the last inequality is due to k£ < %’5. Note that

Vf(w)=A(w—b)=[-k,...,—k,0,...,0,—1,...,—1]".
k/2 k K2k—k+k/2

Given n = i, we can show that

w—nVf(w)=1[0.5...,05k, ...,k 1,...,1,05/k,...,0.5/s]",
———— ——— —— 4

— - - — h —
k/2 k/2 k—k/2 K2k—k+k/2

which directly yields (as x > 1)
w = Hi(w —nVf(w)),

and thus w is a fixed point of IHT with sparsity level k and step-size n = 2—15 O
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Remark 15. The example is inspired by the one from [0], though slightly simpler. A
main difference is that in our example the supporting sets of w and w are allowed to be
significantly overlapped, while in theirs the supporting sets of the two vectors are constructed
to be disjoint.

3.6 Extensions: Stochastic and Zeroth-Order Cases

In this section, we provide extensions of Algorithm 7 to the stochastic and zeroth-order
sparse optimization problems, and provide the corresponding convergence guarantees in
objective value without system error.

3.6.1 Stochastic Optimization

In this section, we consider the previous risk minimization problem, in a finite-sum setting,
Le. with R(w) =+ 37" | Ri(w), as in [116,163]: indeed, stochastic algorithms can tackle
more easily large-scale datasets where estimating the full VR(w) is expensive.

3.6.1.1 Algorithm

We describe the stochastic variant of our previous Algorithm 7 in Algorithm 8 below, which
is an extension of the algorithm from [163], to the considered mixed constraints problem
setting, using our two-step projection. More precisely, we approximate the gradient of R by
a minibatch stochastic gradient with a batch-size increasing exponentially along training,
and following the gradient step, we apply our two-step projection operator.

Algorithm 8: Hybrid Stochastic IHT with Extra Constraints (HSG-HT-TSP)
Input: wy: initial point, 7: learning rate, 7: number of iterations, {s;}:
mini-batch sizes.
fort=1toT do
Uniformly sample s; indices S; from [n| without replacement;
Compute the approximate gradient g;_1 = i > ies, VR, (w1);

wy = ﬁl@(wt—l - 7]9t—1)§
end
Output: wr = arg Minyefa, ... wy) R(W).

3.6.1.2 Convergence Analysis

Before proceeding with the convergence analysis, we make an additional assumption on the
population variance of the stochastic gradients, similar to the one in [104].
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Assumption 10 (Bounded stochastic gradient variance). For any w, the population
variance of the gradient estimator is bounded by B:

S3 IV R(w) - VR@)|* < B (3.20)

We now present our convergence analysis, first with I' = RY, retrieving Theorem 2
from [163].

Theorem 6 (Equivalent to Theorem 2 from [163], Proof in Section 3.7.2.2). Assume that
I' = R?. Suppose that Assumption 7, Assumption 8 and Assumption 10 hold. Let s = 2k.
Let w be an arbitrary k-sparse vector. Let C be an arbitrary positive constant. Assume

that we run HSG-HT-TSP (Algorithm 8) for T timesteps, with n = LS%, and denote
a:=X +1 and ky = ﬁ Suppose that k > 4a2k2k. Finally, assume that we take the

followmg batch-size: s; = [ﬁw with w = 1— ﬁns and T 1= ”B Then, we have the following

convergence rate:

4
ER(wr) — R(w) < 20 Lykw” (||'w —wo|® + 5) : (3.30)
Such a Theorem is equivalent to Theorem 2 from [163], however, the proof from [163]
is based on the same framework as [76]|, which makes it more complex. Our proof, on

the other hand, is very similar to our proof of Theorem 3 above (i.e. closer to convex
constrained optimization proofs as discussed above), and simply incorporates the variance
of the stochastic gradient estimator (exponentially decreasing thanks to the exponentially
increasing batch-size) in a properly weighted telescopic sum (with a technique inspired
from [90]). We believe this makes the proof more readily usable for future extensions of THT.
And in particular, using a similar technique as for Theorem 4, we can extend our result to
the case with an extra constraint I' verifying Assumption 9: we present such extension in
Theorem 7 below.

Theorem 7 (Proof in Section 3.7.2.3). Suppose that Assumptions 7 8, 9 and 10 hold, and
that R is non-negative (without loss of generality). Let s = 2k. Let w be an arbitrary
k-sparse vector. Let C be an arbitrary positive constant. Assume that we run HSG-HT-TSP

(Algorithm 8) for T timesteps with n = & +C, and denote o := C -+ 1 and ks 1= {js.
Suppose that k > 405 k2k for some p € (0,1). Finally, assume that we take the following
batch-size: s; = ’—ﬁ-‘ with w = 1 — % and T = %. Then, we have the following
convergence rate:
, _ a? (- , 4
Eg{lﬁR(wt) — (14 2p)R(w) < QMLSHSW (Hw —wo|” + §> . (3.31)

Further, if w is a global minimizer of R over By(k) := {w : ||wl||o < k}, then, with p = 0.5:

4
Emin R (w;) — R(w) < 8a® L ksw” <||’w — wo|)® + §) : (3.32)

te[T]
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Corollary 3 (Proof in Section 3.7.3.). Therefore, the number of calls to a gradient
VR; (#IFO), and the number of hard thresholding operations (#HT) such that the left-
hand sides in Theorem 7 above are smaller than some ¢ > 0, are respectively: #HT =

O(k.log(L)) and #IFO =0 (-)

Ks
VsE

3.6.2 Zeroth-Order Optimization (ZOO)

We now consider the zeroth-order (ZO) case [111], in which one does not have access to
the gradient VR(w), but only to function values R(w), which arises for instance when
the dataset is private as in distributed learning [66, [61] or the model is private as in

black-box adversarial attacks [95], or when computing VR(w) is too expensive such as in
certain graphical modeling tasks [146]. The idea is then to approximate V R(w) using finite
differences. We refer the reader to [18] and 93] for an overview of ZO methods.

3.6.2.1 Algorithm

In this section, we describe the ZO version of our algorithm. At its core, it uses the ZO
estimator from [16]. We present the full algorithm in Algorithm 9, where Dy, is a uniform
probability distribution on the following set B, which is the set of unit spheres supported
on supports of size sy < d: B = {w € R?: ||w]|op < sy, |w|s < 1}. We can sample from
this set by first sampling a random support of size sy, and then sampling from the unit
sphere on that support. Note that if we choose s, := d, this estimator simply becomes the
vanilla ZO estimator with unit-sphere smoothing [93]. Choosing ss < d allows to avoid the
full-smoothness assumption and can reduce memory consumption by allowing to sample
random vectors of size sy instead of d. We refer to [16] for more details on such a ZO
estimator. The difference with [16] (in addition to the mixed constraint setting and the use
of the TSP) is that in our case we sample an exponentially increasing number of random
directions, which allows us, for the first time up to our knowledge, to obtain convergence in
risk for a ZO hard-thresholding algorithm without any system error (except the unavoidable
system error due to the smoothing p).

Algorithm 9: Hybrid ZO IHT with Extra Constraints (HZO-HT-TSP)
Input: wy: initial point, n: learning rate, T": number of iterations, ss: size of the
random supports, {¢ }: number of random directions.
fort=11t0T do
Uniformly sample ¢; ; i.i.d. random directions {u;}{7' ~ D;,
Compute the approximate gradient

9t = _qtl_l ;1;11 g (R(wt—l + Mui) - R(’wt_1>> u;

wy = Hllz(wt—l - 779t—1)
end
Output: wr = arg Minye o, ... we} R(W).
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3.6.2.2 Convergence Analysis

Assumption 11 ((Ls,s)-RSS’). ( [110, 195]) R is Ls-restricted strongly smooth with
sparsity level s, i.e. it is differentiable, and there exist a generic constant Ly such that for

all (2,y) € RY with ||z — y|o < s: [VR(x) - VR(y)| < L,]le - y].

Remark 16. Note that if a convex function R is (Ls, s)-RSS’, then it is also (Ls, s)-RSS
(this can be proven in the same way as for usual smoothness in convex optimization (see
Lemma 1.2.3 from [110]). However, the converse is not true here, contrary to what holds
for usual smooth and convez functions (cf. Theorem 2.1.5 from [110]), as we show through
some counter-example in Section 3.7.1. Assumption 11 is indeed slightly more restrictive
than Assumption 8, but it is necessary when working with ZO gradient estimators (see more

details in []0]).

We now present our main convergence theorem for the ZO setting, first when I' = RY.

Theorem 8 (Proof in Section 3.7.4.2). Assume that T = R<. Let w be an arbitrary k-sparse
vector. Let s = 3k, and so € {1,...,d}. Assume that R is (Ly,s')-RSS’ with s’ = max(ss, s),
and vg-restricted strongly convex. Denote kg := LV’ Let C' be an arbitrary positive constant,
and denote ep == 25 ((S_ld)fsf‘l) - 3), Eaps = 2d L% 55, ((5_135_512_1) + 1), ande, = L2 sd.

Assume that we run HZO-HT-TSP (Algorithm 9) for T timesteps, with n = ﬁ = ﬁ,,

with o 1= L%, + 1. Suppose that k > 16a*k%k. Finally, assume that we take the following

1
S8akg

number q; of random directions at each iteration: q = (ﬁw with w == 1 — and

7 := 16K, (Offl). Then, we have the following convergence rate:

1l VR(w)|?

ER(wr) — R(w) < 40°Lykw’ <|Iw —wol” + 37—
Kslst

) + Zp?, with  (3.33)

with Z =€, (Vl —i—%) + S,

Such a novel result illustrates the power of proof techniques based on our three-point
lemma. Up to our knowledge, it is the first global convergence guarantee without system
error for a ZO hard-thresholding algorithm (see Table 3.1), and as such, is a significant
improvement over the result from [16]. Our proof differs from the one in [16]: that latter
uses a bound on the expansivity of the hard-thresholding operator, and only provides a
result in terms of ||w — w||, with a non-vanishing system error which depends on VR(w)
(cf. Table 3.1). We now present our Theorem in the case of a general support-preserving
convex set I

Theorem 9 (Proof in Section 3.7.4.3). Suppose that Assumptions 7, 9, and 11 hold, and
that R is non-negative (without loss of generality). Let s = 3k, and let w be an arbitrary
k-sparse vector. Let so € {1,...,d}. Assume that R is (Ly,s')-RSS’ with s’ = max(ss, s),

and vs-RSC. Denote kg := fj’. Let C' be an arbitrary positive constant, and denote

Ep = (32212) (“71;?’1271) + 3), Eaps = 2dL? 59 (% + 1>, and €, := L?sd. Assume
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that we run HZO-HT-TSP (Algorithm 9) for T timesteps, with n = ﬁ = fs/, with
o= LQ/ + 1. Suppose that k > 16(;—;4?]2: for some p € (0,1). Finally, assume that we take g

random directions at each iteration, with q; := (ﬁw with w :=1— sl;n and T = 16/£5(Of+1).
P S

Then, we have the following convergence rate:

a’ L[| VR(w)|*
E mj —(1+2 D) <4d———Lyrw’ | |Jw— )+ Zp?
win () — (1+ 20 R(w) < 4oL (o — w0
(3.34)
wzch—ﬁ( ( ) 8‘&’?) Further, if w is a global minimizer of R over By(k) :=
{w : ||wllop <k}, then, with p = 0.5:
L[| VR(w)|]

te[T) 3 KoL

Emin R (w;) — R(w) < 16a° Lyraw” <||fw —wol® + = ) + Zu*. (3.35)
Corollary 4 (Proof in Section 3.7.5.). Additionally, the number of calls to R (#1Z0),
and the number of hard thresholding operations (#HT) such that the left-hand sides in
Theorem 9 above are smaller than € + Zu?, for some € > 0 are respectively: #HT =

O(rslog(L)) and #IZO0=0O (€F’97L) Note that if s, = d (in which case Assumption 11

becomes the usual (unrestricted) smoothness assumption), we have ep = O(s) = O(k), and
therefore we obtain a query complexity that is dimension independent.

Such a query complexity result also holds when I' = R? (cf. Corollary 6 in Section). [16]
also achieved a dimension independent rate, but their convergence result exhibited a
potentially large non-vanishing system error (cf. Table 3.1), which we do not have in
Theorems 8 and 9. In strongly convex and smooth ZOO, a dimension independent query
complexity is impossible to achieve |77], unless with additional assumptions |7,30,31,31,61,

01, 117,135,149, 160]. Our work confirms that, instead of making extra assumptions, a
possible way to obtain a dimension independent query complexity is to instead consider
optimization with £y constraints.

3.7 Proofs for Stochastic and Zeroth-Order Optimization

3.7.1 Discussion on Restricted Smoothness Assumptions

In this section, we provide additional details on the difference between Assumptions 8 and
11. First, we recall the standard definition of smoothness:

Definition 14. A differentiable function f is L-smooth if for all ©,y € (R%)?:

IVf(x) = Vi)l < Lz -yl (3.36)

We now provide the counter-example below, illustrating that Assumptions 8 and 11 are
not always equivalent, even if f is convex (and that those two assumptions are also different
from the usual smoothness assumption).
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Lemma 15. Let us consider the following convex function f : R? — R defined as
V(zy,72) € R?: f(w1,m0) = 2] + 75 + 2179 (3.37)

f has the following reqularity properties, with the given constants being each time the
smallest possible:

e (i) 3-smooth
o (ii) 2-restricted smooth (Assumption 8) with sparsity level 1

o (iii) \/5-restricted strongly smooth (Assumption 11) with sparsity level 1

Proof. 3.7.1.1 Proof of (i)

The Hessian of f is:

2 1

sl
and its diagonalization is:

H=PDP', (3.38)
with: )

I N T N I B [3 0
P A R PR )

Therefore, the smallest L such that we have H < LI5y5 is 3, which implies from Lemma
1.2.2 in [112] that f is smooth with smoothness constant 3.

3.7.1.2 Proof of (ii):
Let us take two @,y in (R?)? such that ||z — y||o < 1, which therefore implies that: x, = y;

or ro = ys (or both). Let us suppose that (E): zo = y. Note that this implies that
|l — yll2 = (1 — y1)?. We now need to find the smallest L such that:

L
fly) < f(w)+<Vf(w),y—w>+EHw—yHi (3.39)
= (3.40)
L
Yyt yys < i 4ad+aas+ (22 +a:2)(y1—x1)+(2x2+$1)(92—x2)+§(a:1—y1)2 (3.41)
(E)

= (3.42)

L
Y2 ra iy < x?+x§+x1x2+(2x1+xg)(y1—xl)—l—(2x2+x1)(x2—x2)+§(x1—y1)2 (3.43)

& (3.44)
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L
& (3.46)

(11— 1) < g(ﬁl — ) (3.47)

Therefore, the smallest L possible which can verify the above is L = 2. By symmetry, we
would have the same chain of equivalence in the alternative case where we would replace
Ty = Yo by x1 = y;. Therefore, we need some L that will work for both cases, so again,
such smallest L is 2.

3.7.1.3 Proof of (iii)

Let us take two @, y such that ||z —yl|o < 1, which therefore implies that: x; = y; or 25 = ¥
(or both). Let us suppose that (E): z5 = yo. Note that this means that ||z —y||> = (71 —y1)>
What we need to find is the smallest L such that:

IVf(x) - Vil? < Lz —yl3 (3.48)

= (3.49)

(221 4+ 22 — (291 + 42))? + (222 + 21 — (292 +11))* < L2 (21 — 1) (3.50)
& (3.51)

(221 + 79 — (201 + 22))* + (229 + 71 — (279 + 1)) < L (21 — 1)? (3.52)
= (3.53)

4wy —1)® + (21 — ) < L2y — n)° (3.54)

N (3.55)

5(x1 —1)? < LP(xy —)? (3.56)

Therefore, the smallest L possible which can verify the above is L = v/5. By symmetry, we
would have the same chain of equivalence in the alternative case where we would replace
9 = Y2 by x1 = y1. So therefore we need some L that will work for both cases, so again,
that smallest L is /5.

]

3.7.2 Proof of Theorems 6 and 7

For the proof of Theorem 7, we use a similar technique as in Theorem 4 to deal with the
extra constraint, i.e. we start first from the case I' = R? (Theorem 6). Based on our /,
three-point lemma (Lemma 11), such proof of Theorem 6 is simpler than the corresponding
proof of [163] (Proof of Theorem 2, Section B.3). Also, compared to the deterministic
setting, here, we need to carefully incorporate the exponentially decreasing error of the
gradient estimator into a properly weighted telescopic sum containing terms in ||w; — w||?.
Below we provide several intermediary results needed for the proof of Theorem 7. Then,
the proof of Theorem 7 will be provided in Section 3.7.2.3.
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3.7.2.1 Useful Lemma

Before starting the proof, we present the following lemma from [104], which relates the
batch-size s; and the error of the gradient estimator:

Lemma 16 ( [104], Lemma 1). Let w, € RY. Assume that g, is the sampled gradient in
Algorithm 8 and that the population variance of R;(w;) is bounded by B as in Assumption 10.
Then the gradient estimate g, is an unbiased estimate of VR(w,), and its variance is as
follows:

n—s 1
Elg:— VR ’< —B 3.57
o~ VR (w)|* < "= =B, (357)
Note that the original Lemma from [104] is written as an equality, in terms of the exact

population variance of a random variable, denoted o2, but we rewrite it as an inequality
here for simplicity, in order to have a general bound that applies at each iteration.

Proof of Lemma 16. Proof in [104]. O

3.7.2.2 Proof of Theorem 6

Below we now first present a proof for the convergence of Algorithm 8 without the additional
constraint (Theorem 6), which is needed for the proof of Theorem 7, and also, as a byproduct,
illustrates how the three-point lemma simplifies such proof.

Proof of Theorem 6. The L,-smoothness of R implies that
R(wy)

Ly
<R(wi—1) + (VR(wy_1), wy — wy—1) + EHwt — th71H2

L,
=R(wi_1) + (gt—1, wr — wi_1) + 7”wt — ’wt—1||2 + (VR(wi—1) — g1, W — wy_q)

L

P = lgeall” = lwr = wia |P] + e — wia |

1
=R(w,_1) + o [[w: — (w1 —1gi1)
+(VR(w; 1) — gt—1,w; — wy 1)
1

n] |w, — wt—lH2

1 n
=R(wi1) + —|Jw, — (w1 — nge1)||* — §|\9t—1||2 +

2n 2

+ (VR(wi—1) — g1—1, wy — wy_q)

(a) 1 B B
<Rw) + ol = (e = ng )l = (1= VB)wy — | = Jlaeal?

1

77] |lw: — wt71H2 + (VR(wi—1) — gi—1, Wy — wy_q)

S

2

+

1

IR _ _
=R(w1) + o [l — weal* + 0 ges|” — 2(nge-r, wey — w)] — %(1 —VB)|w; — |

105



1

n] l|lw: — wtleQ + (VR(w;_1) — g1—1, W — wy_1)

_n 2
2”9“1” + 5

1 _ 1 _
=R(w;_1) 2 [|lw — w1 || — 2(ngi—1, wi—1 — w)] —%(1—\/E)H’wt—’w||2

] |lw: — ’wt71H2 + (VR(wi—1) — gi—1, Wy — wy_q)

_ 1 _
R(wt 1) _?YHw w1 ||* — (g1, wie 1—w)—%(1—\/3)]|wt—wH2
L,—1+C 1
+ Tn Jw, — wq||* + %HVR(wt_l) — gl

where (a) follows from Lemma 11 and (b) follows from the inequality (a,b) < $a? + =07,
for any (a,b) € (R?)? with C' > 0 an arbitrary strictly positive constant.

s

Ls—1+C
Let us now assume that n = 4 +c therefore the term { 5 ] |lw; — w;_1||* above

is 0. We now take the conditional expectation (conditioned on w;_;, which is the random
variable which realizations are w;_1), on both sides, and from Lemma 16 we obtain the
inequality below (we slightly abuse notations and denote E[-|w;—1 = w;_4] by E[-|w;_1]):

1
E[R(w;)|w; 1] <R(w;—1) + %Hw —wi|]> = (VR(w;_1), wy— — W)

B(n —s;-1)

= 571 = VBB [lwr = @l *fwi-a] + 57—

(a) 1 Vg _
<Rlwe1) + 5w~ w |+ |R() = Rw,1) = Z||wi- — @]

1 i B
— %(1 —V/BE [[|w, — w||*|w—1] + 5Csi
1
- 1
=R(w) + |w — w,_+|]* — %(1 — VBE [|w; — w|*|wi1]
B
+ STeP (3.58)

where (a) follows from the RSC condition, and the fact that s;_; € N*,

We recall that n = Lsﬁ Let us define o := L% + 1. Then C = (o — 1)Lg, and n = ais
Also recall that ks, = ﬁ—

We can simplify the inequality above into:

BiR(w)lwii] - f(w) <5 | (1= o ) o~ w0l = (1= VB [Jw - w0l

kg
nB
Csiy .

n (3.59)
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We now take the expectation over w;_; of the above inequality (i.e. we take Ey, ,[-]): using
the law of total expectation (E[-| = Ey, , [E[-]w,_;]]) we obtain:

_ 1 1 _ B 77B
_ < _ _ 2 _ _ o 2
ER(w) - R(®) <5 [(1 oms> Bl — weea|* = (1 = VB)E|lw - w]* + C'st1

(3.60)

Similarly as in [90], we now take a weighted sum over ¢t = 1,..., T, to obtain:

2 G:—@ (1 ) Bl P = (1 VRl 2

S

+ZT: 1— - B
—1 1 — \/B CSt_l

T [ 1 T—t+1 [ 1 T—t
=1-VB)) (1_;@ Ellw — wy|* - (1_—> E|w, — w]’

VB

1 1T T/ a\T 0B
S QKs W — w 2 + QKs , 3.61
(25) w-wie o (122) 22 o1
where (a) follows from simplifying the telescopic sum.

We now choose k and s; as follows: we choose k > 4a%k2k, which implies that:

VE<—

— 20k,

1
— I —
ﬂ_Zoms—l
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1 _200-4:5—2_1—L

kg

204,%5—1_20@%5—1_1—20}’_i

— 1-/B>1-

L <1- 1
— S _ .
1-VB) 20k
And we choose s; := [ 5] withw:=1— 4;55 and 7 := %.
Let us call v := 1 — ﬁ Note that we have:
v < w.
And that we have the inequality below:
v l—g—  dak,—2 . 1 1
w  1- dakg — 1 dakg —1 — Aok

This allows us to simplify equation 3.61 into:

T 1 T—t .
1—
o (W) [R(w) — Rw)] < b — w4 3t
t=1 o —
r T—t
a5 ()
w w
t=1
wl'l— (% r
= ol — ol + - 1_((1))
T 2 (JJT 1
<v ”w_wOH +U1—(l’)
@ wh 1
<VT”w—w0H2+71 w
® 4 5 1
< v1|lw — wy|* + §WT1—
(c) 4 1
< wh'l|w — woll* + §WT1—
@ W’ 4 401
= 1w |’w—on2+§wT1—

4
= dakw’ <H’w —wy* + g) ,
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(3.63)

(3.64)

(3.65)



where in the left hand side we have used the linearity of expectation, and where (a) uses

equation 3.64, (b) uses the fact that L = — L < 1_1; = 3 (since Ky > 1 and o > 1 (indeed,
4

dakg

from the theorem’s assumption o = L% + 1 with C' > 0)), (c) uses equation 3.63, and (d)
uses the fact that w < 1s01 < 72—.

Let us now normalize the above inequality:

N
Zt 12"< f) Blw) ok ([ — wol2 + 3)
R T—t < R(’LU) + 1 T—t
Zt1277< c\!/nﬁ) > 1277( ?)

The left hand side above is a weighted sum, which is an upper bound on the smallest
term of the sum. Regarding the right hand side, we can simplify it using the fact that

0< (i_‘i}%) , and therefore:

(3.66)

Z <1_°mb> i > 1, (3.67)

Therefore, we obtain:

darwt (||[w — wol|? + 2 4
E min Rw) - Rw) < "2 U0 =wolP+5) o <Hw—’on2+—)

te{1,..,T} 2n 3
(3.68)
Which can be simplified into the expression below, using the definition of wr:
- - 2 - 2 4
ER(wr) — R(w) < 20 Lgksw (H'w — wy|* + §> : (3.69)
The proof is completed. n

Corollary 5. Under the assumptions of Theorem 6, let € be a small enough positive number
e > 0. To achieve an error ER(wr) — R(w) < e using Algorithm 8 the number of calls
to a gradient VR; (#IFO), and the number of hard thresholding operations (#HT) are
respectively:

AHT = O(k, 1og(§)), HAIFO = O (58) . (3.70)

Proof of Corollary 5. Let € € RY.. Let us find T to ensure that ER(wr) — R(w) < e. This
will be enforced if:

4
202 Lk swt (Hw —awy|]* + 5) <e
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€
<= Tlog(w) <lo
g(w) < log (2@2LS/€5 (\|1D—w0||2+%)>

1 202 Lk (|| — wol|> + 2
— T> —)log< @ Loss (0 — ol +5) | (3.71)
£

Therefore, let us take:

- 1 N 202 Lok, (||[w — wo? + 3)
S ISR R

We can now derive the #IFO and #HT. First, we have one hard- thresholdmg operatlon

at each iteration, therefore #HT= T. Using the fact that ; 1= = <
o8(2) @ = 1og<1—4ans>

= 4ok, (since by property of the logarithm, for all x € (—o0,—1) : log(1 —z) < —z ),

dakg

we obtain that #HT = O(k,log (1)).

We now turn to computing the #IFO. At each iteration t we have s; gradient evaluations,
therefore:

#IFO = St

T 1 1 202 Lok (|| — wo|® + 3
+ l——l exp <10g <Z) llog(l) log ( ( E 3) +1

=1+ 1 log 2052Ls’fs H’w — ’U)0||2 + %) n 5 20‘2[/5’% (”w _ ,wOHQ + %)
10%(%) € %_ 1 c

14 1 log 202 Lk (Hw—onQ—i—%) T 202L.k, (||’w—w0||2+§)
log(L) £ 1—w -

— 14+ 1 log 20°Lskis ([l — wol* + 3) n 7_8@3[/5/{? (llw — woll* + 3)
log () c -
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Lo (10 — wol? +
alyLa—1) & v, ° o3

s 1 1 202 Lok, ([|[w — wo? + 3) N 8Bk, ([|w — wol? + 3) 1’
log (%) € (o — 1)y €
(3.73)
where (a) follows from equation 3.72, and for (b) we recall that 7 = 22, n = L and
C=Ls(a—1).

Therefore, overall, the IFO complexity is in O(%)

3.7.2.3 Proof of Theorem 7
We now proceed with the full proof of Theorem 7.

Proof of Theorem 7. Similary as in the proof of Theorem 6 in Section 3.7.2.2, let us take:
and a := £ + 1. Then C' = (a — 1)L, and n = . Recall that Ky = Lo

s

77 = Ls +C7
Denote v, = Hy, (w1 — nVR(wt 1)) for any t € N.

Similarly as in Section 3.7.2.2, the L;-smoothness of R implies that

R(w,)

Ly
<R(wi—1) + (VR(wy_1), wy — wi—1) + EHwt — th71H2

L,
=R(wi_1) + (gt—1, w — wi_1) + ?”wt — ’wt—1||2 + (VR(w;—1) — g1, w, — wy_q)

1 L
=R(wi 1) + o [[lwe = (wir = ngi )P = P llgea | = llwe — wia P + - llwe — wia |

2n
+ (VR(wi—1) — g1—1, wy — wy_q)

1
n] |w; — wt—lH2

2

1
=R(w;_1) + %Hwt — (w1 —ngi—1) | — g”gt—1||2 +

+ (VR(wi—1) — gi—1, Wy — wy_q)
(a) 1 _ _ n
SR+ 5 [0 = (s =g = = ] + Bl — ] = g

1

9 77] |lw: — ’wt71H2 +(VR(wi—1) — g1, W — wy_q)

+

1 . _ 1 ~
=R(w; 1) + % [Hw —wi [P+ 92| ge-1 ||* — 2(nge—1, w1 — wﬂ - %Hwt — w|?
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1

n] l|lw; — wthHQ + (VR(w;—1) — g1—1, W, — wy_1)

VB

B _
+ g llon =l = Jllgeal +

2
1 _ _ 1 _ _
=R(wi1) + o [ — w1l = 2 w01 = 0)] = - — 0l + 5 o —
(3.74)
1

+ 9 77] |lw: — U’tle2 + (VR(wi—1) — gi—1, Wy — wy_q)
b 1, _ _ 1 _ _
(:)R(wt,l) + %Hw — w1 |* (g1, Wi — W) — %Il’wt —w|* + \2/_773”% — wlf?

Ly—,+C , 1 )
+ s |wy — w || + %HVR(wt—l) —gi° (3.75)

where (a) follows from Lemma 13 and (b) follows from the inequality (a,b) < Sa* + 550,
for any (a,b) € (R)? with C > 0 an arbitrary strictly positive constant. Let us now

Ls—14C .
take 7 1= ;=: therefore the term [ 5 |w; — w;_4||* above is 0. We now take

the conditional expectation (conditioned on w; ;, which is the random variable which
realizations are w;_1), on both sides, and from Lemma 16 we obtain the inequality below
(we slightly abuse notations and denote E[-|w; 1 = w;_41] by E[-|w;_1]):

1
E[R(w)|wi—1] <R(wi-1) + %H’w —wi | = (VR(w; 1), w1 — w)

1 19 VB ) B(n = si1)
2nE [lw, — @|]?|w;_1] + ZU]E [lve = w|*|w—1] + 2Cs 1 1)
(3.76)

(a)

1 Vs _
<Rlwe1) + 5[0 — w4 [R(@) = Rlw,) = 5w~ ol

— %E [Hwt — u_)HQ]’wt,l} + \2/—5]]3 [Hvt — 'LIJH2\wt,1} + QCil
o Vs 1
=R(w) + |+ ] lw — w,a || — T [lw: — w]*|w,]
+ \;—EE [ve — w|*|wi—1] + 205“’ (3.77)
where (a) follows from the RSC condition, and the fact that s, € N*.
Now recall that we have taken n = Lsﬁ’ and let us define o := L% + 1. Then

C=(a—1)Lg, and n = i Also recall that ks = ZL,_

We can simplify the inequality above into:

E[R(w;)|w;_1] — R(w)
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1 B
<o (1= 2 ) 10 = w0 P = (o = wlPlwia] + /B [~ wlPlona] + 2o
1

1
2n 0K

(3.78)

We now take the expectation over w;_; of the above inequality (i.e. we take Ey, ,[-]):
using the law of total expectation (E[-] = Ey,_, [E[-|w;_1]]) we obtain:

1 1
ER(w) - R(w) < o [(1 - MS) E|[® — w1 — Eflw; — o
-2 nB
++/BE||v; — w]|]> + . (3.79)
Csiy

Additionally, in view of equation 3.60 applied at v, instead of wy, (since v; here
corresponds to the w,; from Section 3.7.2.2, i.e. v; is the hard-thresholding of an iterate
after a gradient step), we know that:

nB
Csiy '
(3.80)

ER(v,) - R(w) <— Kl - )Enw —wis P = (1= V/BEw, — ] +

S

We now take a convex combination similarly as in the case without additional constraint
(section 3.5.2), for some p € (0, 1).

E(1 - p)R(w;) + pR(v:)

<r(@)+ oo [(1- o ) Blw - wel? - (- 9w - wl?

- 2n 0K
+((1= VB - (L= VAl Bl 0l + g
_R(w) + % [(1 - 2) Ell@ — w, || — (1 - p)Efw, — ]

= (p= V) Bl - wlf + 2]

©] 1 1
CRiw) + - [(1 - )Enw w2 = (1= p)Efws — @]

2n QK
~ (o~ VB) Elhw, — wlf* + 22
Csiq
_ 1 1 _ _ nB
= — 1= Ellw — w,_1|* — (1 — /B)E|w; — w|*> + =— 81
Rlw)+ 5| (1= o) Blo - wealP— 0= VBBl - wlP+ | (3s)
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where in (b), we have assumed that v/ < p (later we will verify that our choice of k ensures
such a condition), and have used the fact that projection onto a convex set is non-expansive
(which implies that ||v; — w|?* > ||lw; — w]||?). Similarly as in 3.7.2.2, we now take a
weighted sum over ¢t = 1, ..., T, to obtain:

T 1 1 \T
> (1 - ﬁ> E[(1 - p)R(wy) + pR(v,) — R(w)]

1— 1 T—t 1 B
s 1 Elw — w,1|? — (1 — /B)E||w, — w|? + —
) (1= o) Blw - wl = (1= VBB - ol + 2]

— ﬁ> (1- ) Bl - vl - (- VAR - wl?

T 1— 1 T—t+1 1— 1 Tt
_ o QKg - 2 kg a2
_(1 \/E) ; [(1 _ \/B) E”’w wt—l” <1 — \/B> EH’wt ’LUH

_ 1 1

T T T—t
@ _ 1 aks _ 2 2 1_04_:-;5 nB
SIRNE) (1_ ﬁ) I~ wol? ~ Eljwr — a +;<—1_ ﬁ> a2

1

1 . T/ 1T 0B
S(l—\/ﬁ) ﬁ) Hw—w0||2+z<1_j/%> Csiq
t=1 =

1— 1 T T 1— 1 T—t nB
< Qaks = 2 + Qaks , 382
_(—1_ ﬁ> o — ol ;(—1_ ﬁ) e (3.82)

where (a) follows from simplifying the telescopic sum.

We now choose k and s; as follows: we choose k > 4[%2042/@3/;:, which implies that:

p > /B (thereby verifying the assumption made earlier), and that:

T 2003 Ky
p
1
—
b= 20tk — 1
1
1 20t K, — 2 1- alm (@ 1—

— 1 — > 1 = : > T

\/E 201k, — 1  2aik,—1 1-— Miﬁ 1= Qaiﬂ



T <1 L
e S B e—
1-vVB)] ~ 204%/15’

where (a) follows from the fact that p < 1.

And we now choose s; := [%L with w:=1— @ and 7 := %.
Let us call v :=1— QQL{ . Note that we have:
pls
v <w.
And that we have the inequality below:
v 1" m dale, -2 1 1
1-— Toln 40z;/<5 —1 4(1;;@5 —1 404/—)/13
LK.

This allows us to simplify equation 3.82 into:

1_1

EY 2y <_—f/%) (1 = p)R(w:) + pR(v;) — R(w)]

T
< l/TH’(I) _ w0||2 + ZUT_twt_l
t=1

w 1—(%)
T
1

< V|| — wo ) + L ———

w 1—(%)
(a) r 1
< I/TH'LU —'w0||2 + v

wl—w
(b) 1
2 T e — 2, & 7 L1
< v ||w — wo| +3w 5
(c) 4 1
2 T llap — R
< w'||w — wo| —i-gcu 0
(@ T 4 1
< _ 2, 2 r L1
N -

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)



where in the left hand side we have used the linearity of expectation, and where (a) uses

equation 3.85, (b) uses the fact that = = - L— < 1_1; = 5 (since Ky > 1 and a > 1
4

4(1;145
(indeed, from the theorem’s assumption o = L% + 1 with C' > 0), so consequently (1//—1) > 1),
(c) uses equation 3.84, and (d) uses the fact that w < 1so 1 < .

Let us now normalize the above inequality:

1— L

L2 (25 ) 1 ) RGw) + R

dat kg’ ([[w — wol* + 3)
Tt

E < R(u_J) +
1—

Tt =
T s T 1
(3.88)

The left hand side above is a weighted sum, which is an upper bound on the smallest term
of the sum.

1

Regarding the right hand side, we can simplify it using the fact that 0 < (1_0‘“5> , and

1B
therefore:

3 <%) i > 1. (3.89)

t=1

Therefore, we obtain:

E min (1 R . Rl < datkw” (||lw —wol* + 3)
_min (1 p)R(w,) + pR(v,) — R < >

1 4
= 20% = Lok’ <||w —wy* + —> . (3.90)
p 3
We denote by er the right-hand side above:

1 4
er = 202 = Lok w’ (Hw —awyl]* + g) : (3.91)
p
We now proceed similarly as in the proof of Theorem 4 above. Recall that we have assumed
in the Assumptions of Theorem 7, without loss of generality, that R is non-negative, which
implies that R (v;) > 0. Plugging this in equation 3.90 implies that:

< T < (14 2p)R(w) + —2—. (3.92)

. 1 _ ErT
E R <—R
) S TR =

Plugging the change of variable &/, = fTTp into equation 3.92 above, we obtain that:

Emin R (w;) < (1 + 2p)R(w) + €. (3.93)

te[T]
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Further, consider an ideal case where w is a global minimizer of R over By(k) =
{w: ||lw|lo <k}. Then R(v;) > R(w) is always true for all ¢ > 1. It follows that
the bound in equation 3.92 yields:

Emin {(1 — p)R (w;) + pR(w)} < Emin{(1 — p)R (wy) + pR (v;)} < R(w) + er,

te[T] te[T]

which implies: E minyepr) R (w;) < R(w) + . In this case, we can simply set p = 0.5,

and define ¢/, = f_—Tp = 2er similarly as above.. The proof is completed. O

3.7.3 Proof of Corollary 3

Proof of Corollary 3. We proceed similarly as in the proof of Corollary 5 in Section 3.7.2.2:

Let ¢ € R%. Let us find T to ensure that Eminyeq 7y (1—p)R(wy) +pR(vy) — R(w) < ¢
This will be enforced if:

1 4
2a2;Ls/<;SwT (||7IJ —wol|® + 5) <e

£
<— Tlog(w) <lo
Bw) < g(zagms (Hw—wou2+§)>

1 2021 Lok, (|l — woll? + 2
— T> log< Lers P +35) (3.94)

~ log(2) e

Therefore, let us take:

1 2021 Lk, (|l — wo|? + 4
T::{ log< Lot P 3\ ] (3.95)

log(1) £
We can now derive the #IFO and #HT. First, we have one hard- thresholdlng operatlon at
each iteration, therefore #HT= T. Using the fact that %;) = bg( ) = Toati 1 ) <
— =40l s (since by property of the logarithm, for all z € (—oo0, —1) : log(1 — m) < -z

404;1)145

), we obtain that #HT = O(k,log (1)).

We now turn to computing the #IFO. At each iteration t we have s; gradient evaluations,
therefore:

HIFO =Y s
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(5 -1
=T+ wl—l
T
o)
e ()
(a) 1 il ks (|| — wyl|?
<1+ — log £ (H ol +5)
og(;;)

1 1 2021 Lok (|| — wyl]? + 2
+1L_1exp <log ) llog( )log< P ( . 5) +1

L (200l (10 —wol? +5)\ |z 20%7Lar. (I8 — wol + 5)
- 1 "’ 1 log + 1
log(;;) c w1 )
_ 1 2077 Loty ([[w — woll* + 3) 7 207 Lok (|lw — wol® + 3)
=1+ — log *
log(;;) c bow )
1 2021 Lty ([l — wo]® + § 80° 5Lk (|| — wol® + 3
4 : log o ( 3) 4T p? ( 3)
log(;;) ¢ :
1 2021 Lok (|| — wo|* + 4
b (I — woll? + )
log(3;) €

1 2021 Lok (Jlw — wol|* + 3) 8Ba? 2/15 (Jlw — wol* +3) 1
=1+ — log £ + -
log () £ (o — 1) 5
(3.96)
where (a) follows from equation 3.95, and for (b) we recall that 7 = Ug, n = alLS and

C = Ls(av — 1). Therefore, overall, the IFO complexity is in O(

:sss )
]

3.7.4 Proof of Theorems 8 and 9

Our proof for Theorem 9 is similar to the one for Theorem 7, though we needed to refine
some results from [10] to properly express the variance of the ZO gradient estimator and
incorporate it into the telescopic sum. Before proving the main Theorem 9, below we
provide several intermediary results needed for the proof of Theorem 9. Then, the proof of
Theorem 7 will be provided in Section 3.7.4.3.
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3.7.4.1 Useful Lemmas

We first recall the following results from [16]:

Proposition 2 (Proposition 1 (i) [16]). Let us consider any support F C [d] of size s
(|F| = s). For the Z0 gradient estimator g, in Algorithm 9 at wy, with q; random directions,
and random supports of size sy, and assuming that R is (Ls,, $2)-RSS’ , we have, with [u]r
denoting the hard thresholding of a vector w on F' (that is, we set all coordinates not in F
to 0):

IEg:lr — [VR(w)]p|* < eup’® (3.97)

with €, == L2, sd

Proof of Proposition 2. Proof in [10]. O

Lemma 17 (Lemma C.2 [10]). For any (Ls,, $2)-RSS’ function R, using the gradient
estimator g, defined in Algorithm 9 with ¢ = 1, we have, for any support F C [d|, with
|F|=s, and F°:=[d]\ F:

Ellg:]rl® = er I[VR(w,)]rl* + epe [[[VR(w,)]pel|* + e apes® (3.98)

with:

. s—1)(s2—1
(1) er = (52212) <( d)(—12 ) +3>

.. s(s2—1
(11) epe 1= (52212) ( (d2_1 )>

(i) usy = 2855, (7 4 1),

Proof of Lemma 17. Proof in [10]. O

We now use the above lemma to bound the variance of the zeroth-order gradient
estimator g;.

Lemma 18. The gradient estimator g; defined in Algorithm 9 verifies the following proper-
ties for any q; € N*:

2 Eabs
Elllg:]r — Elgilrl* < q—f IVR(w)|* + q—bu2 (3.99)

t

with ep and €45 defined above in Lemma 17

Proof of Lemma 18. If ¢ = 1, we have:

E|[g)r — Elg]rll® © Elllg]r|* — | [Eglr|?

< E|lger|

(3.98) )
< ep||[VR(w)pl]” + epe

(b)
< er | VR(w)|? + capstt®, (3.100)

2 2
+ Eabs

[V R(w)]pe
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where (a) follows from the bias-variance formula E|| X — E[X]||5 = E|| X |3 — [|[EX]|3 for
a multidimensional random variable X, and (b) follows from the fact that

.2 (s<52—1>+3_52—1)> 2d (8(32—1))_€FC (3,101

52+2 d—1 d 82+2 d—1

(since s < d), and since ||[VR(w)|r||* + ||[VR(w)]pe
Euclidean norm).

2 = ||VR(w)]||* (by definition of the

Now, if ¢ > 1, we know that the variance of an average of ¢, i.i.d. realizations of a
random variable of total variance o? is Z—j (and its expected value remains the same by
linearity of expectation): indeed, for any random multidimensional random variable X, for
which we consider the ¢ i.i.d. random variables X; of same distribution, we have:

C]t;X - %;X]

qt 2

Ly (x - Ex))

2
=E
2 -

2

= iz (i (Xi — EXO) (i (Xi— EX@))

%\ i=1

qt
(@ 1
-7 Z 1X; — EX; |3

t =1
1 qt
= 5> IX —EX|3
-
1 2
= —QQtHX - EX”z
q:
1
— —|IX —EX3, (3.102)
qt

where (a) follows from the fact that X; are i.i.d hence for i # j: Cov(X;, X;) = E(X; —
EX;)"(X; — EX;) = 0. Applying this to the random variable which realizations are [g;]r,
this concludes the proof. O]

3.7.4.2 Proof of Theorem 8

Below we now first present some results (and their proofs) for the convergence of Algorithm
9 without the additional constraint, which is needed for the proof of Theorem 9, and also,
as a byproduct, provides, up to our knowledge, the first convergence guarantee in objective
value without system error for a zeroth-order hard-thresholding algorithm.

Proof of Theorem 8. Let us denote for simplicity: C; := ";—f, Cs = 6;:3, and Cj 1= e,u”.
Moreover, let us denote F' := supp(w;) U supp(w;_1) U supp(w), where supp denotes the
support of a vector, i.e. the set of coordinates of its non-zero components. Note that
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therefore we have |F| < 2k + k < 3k. In addition [u]

ur
support F' that is, the vector w with its components that are not in F' set to 0

R(w,)

Ly

<R(w;_1) + (VR(w;_1), w; — wy_1) + —||’wt - wt—1||2
Ly

=R(wi—1) + (gt—1, Wy — wi_1) + _”wt

Wi [|* + (VR(w;)
1
=R(w;_1) + — [[|w

denotes the thresholding of u to the
The fact that R is (Lg, s')-RSS’, therefore also (Lg, s)-RSS’, implies from the remark in
11 that it is also (Ly, s)-RSS, therefore

gi—1, Wt — wt71>
2 2 2 2 Ly 2
2 — (wi—1 = nge-1)||” — 77| ge=1]]" — ||wr — w1 || ] + 7”“’7& —w;_q|
+ <VR<wt71) gi—1, Wt — wt,1> (3103)
7 Ly —3
=R(w; 1) %H’wt — (w1 —ngi—1) | — 5”91571”2 + 5 n] Jw, — w,—y)?
+ ([VR(wi—1) — gi—1]p, we — wy_q)
(a) 1 _ n
<Rlwi) + 50 @ = (e =g )| = (1= VB)w— wl] = Tlgeal
Ly — 1
+ ||w; — wt—1||2+ (VR(wi—1) — gi—1]p, wy — wy_q)
2
1 _
=R(w; 1) + — [||w wt_1||2 + 772Hgt—1||2 —2(ng—1, w1 — ’wﬂ - %(1 - \/B)Hwt - U’HQ
~ g2 + lwy — we | + ([VR(w,—1) — gei]p, w1 — wy_1)
2 2
1
:R(wt—1) +

B 1
[Hw 'wt—1||2 — 2(Ngi—1, We_1 — w)} -
Ly

_ —(1— — wll?
T (1= VD)l — w]
_1

n _
B ]Hwt

1

w;a|* + ([VR(w;-1)

+

- gt_1]F,wt -

wt—1>
(b) - 2
R(w,_;) + %H’w —w1]|” = (g—1, w1 — W)

1

- %(1 —VB)|w, —w|?

1
SV R ) -

gi1rl’
—1||2 - <VR('wt—1>7wt 1=

w) + ([VR(w;_1) —

gt—l]F7 W1 — 1I7>

_ 1
T g, — w4 = [[VR(wi) — gl
2 20 ’

where (a) follows from Lemma 11 and (b) follows from the inequality (a,b) <
for any (a,b) € ? wi

(3.104)
+560%,

. . Q
g 20
(R%)? with C' > 0 an arbitrary strictly positive constant
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B

_1
A |lw; — w;_1]|* above is

. therefore the term

Let us now choose 1 := L5

0. We now take the conditional expectation (conditioned on w;_;, which is the random
variable which realizations are w;_;), on both sides, and from Lemma 16 we obtain the
inequality below (we slightly abuse notations and denote E[-|w;—1 = w;_1] by E[-|w;_1]):

E[R(w,)|w;_1] (3.105)
<R(w,_1) + %nw —w |~ (VR(w,1), w,_; — @)

- %u — VBIE [[[w, — | wr] + (VRwi-1) — E [grs|w]]p w11 — @)
VE | o[V 1) — gl

(a) 1
<R(wi-1) + %Hw — w1 |* = (VR(w-1), w1 — )

o (1= VDR [l — w0l ] + SV R, ) ~ Elgi o]l

2n
iy — |2 + 5 [[VR(wi1) — gi|[Plee1]
2G t—1 20 t—1 t—1 t—1
1 1
=R(w;—1) + [ + %] | — w;]]* = (VR(w;—1), w1 — w)
1 G
- %(1 — VBE [||lw, — wl[*|w,-1] + §|HVR(’wt71) — E[gi—1|w,1]]r||?
+—E[||[VR(wt 1) = i)l we]
(®) 11, , .
<R(w-1) + + BYe |[w — wia||” = (VR(wi—1), w1 — w)
1

- %(1 - \/E)E [llwe = w]*we] + gH[VR(wt—l) — Elgi-1|we]]r |

t30 2l[VR(wi—1) — Elgi—1|wi1]]p|* + 2[|[ge—1 — Elge—1|wi—1]]p|?)
(3.97)+(3.99) 1

1
< R(wt_1>+{ +ﬁ] 1 — wir | — (VR(ws1), we1 — )

1 G
- 2—(1 — VB)E [[lw; — w]*|w, 1] + =-Cs
i 2
(0) 1 1
<R(w;_1) + [ + ﬁ} |w — w1 | — (VR(w,_1), w,_y — @) (3.106)
1 G
- %(1 — V/B)E [JJw; — w|*w;1] + 5Cs (3.107)
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! (2C1 (2|VR(wi—1) — VR(w)|* + 2| VR(w)|]*) + 2Cou* 4 2C5) (3.108)

a0
(d) 11
<R(w;_1) + [ + ﬁ] | @ — w1 ||> = (VR(wi_1), we_y — @) (3.109)
1 o G
_ %(1 —V/B)E [JJw; — w|*w,1] + 5Cs (3.110)
+ 56 (201 (2L2 ||l wi—1 — w||* + 2||VR(w)||*) + 2Cou* + 2C5) (3.111)
1 1 20.L
—R(w,_,) + [ gt é ] |w — w; 41]|* — (VR(w;_1), w;, — )
(3.112)
1 o G 1 )
- %(1 — VB)E [[|w, — w|*|w, ] + 3Gt & 2CIVR(w)|]* + Cop® + C3)
(3.113)
(¢) 11 204I2A],
<R('wt_1) + [% + ﬁ + é, = :| ||'w — wt_1||2 (3.114)
+ [R(w) ~ R(w,_,) — Enwt,l - wH?] (3.115)
1 G
= 51~ VBE [lw: - wlPhwoa] + 3G + 5 = (2G| VR®)|? + Copt® + C)
(3.116)
r—ve 1 204L
—R(w n__t - !
=R(w) + 5 + 50 + C |l — w2 (3.117)
1 o G 1 )
_ %(1 — V/B)E [JJw; — w|*w,1] + 503 5 (2C1[|[VR(w)|* + Cap® + Cs)
(3.118)
f) F—ve 1 2epl?
< = n = s - 2 ]
<SR(w) + | 7 5 o | 1o —we]] (3.119)

(201||VR( N? 4 Cop® + Cs)
(3.120)

where (a) follows from the inequality (a,b) < $a* + 5507, for any (a,b) € (R%)? with
G > 0 an arbitrary strictly positive constant, (b) and (c¢) follow from the inequality
la +b||* < 2||al|? + 2|[b]|? for any (a,b) € (R?)?, (d) follows from the fact that R is (Lg, s')-
RSS’ (Assumption 11 with sparsity level §), therefore it is also (Ly, s2)-RSS’, (e) follows
from the RSC condition, and for (f), we recall that C; = 2—’:, and we define ¢; = [&L for
some w > 1 and 7 > 0 that will be chosen later in the proof. Recall that we have chosen

U e +C Let us define o : 7 + 1. Then C = (o — 1)Ly, and n = . Also recall that

L/
Rg = ——

vs
We will now choose the constant G and C', in order to simplify the inequality above,
such that it matches as much as possible the structure of the previous proofs:
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We will seek to rewrite:

1y Q5F 2 412 E
n_® 1 Zr s - 1 1 s/ 1 i .
|: 2 + 2G + C <_ 2n [1 + GalL,, + (a—1)aL? omJ) , Into :

1

o'k

% 1— } for some o/ > 0 (we will seek o o o, with a dimensionless proportionality
constant for simplicity).

Therefore, let us choose G := u%’ which implies:

1 1
= . 3.121
GaLly  4dak, ( )
And let us choose 7 := 1(6;%?;, which implies:
iy 1 (3.122)
(o —Dal? 4ok, '
Therefore, using equations 3.121 and 3.122, we obtain:
%—vs+ L 2Ly L, 1 AR 1
2 2G C | 2n| GaLy (a—1al? ok,
17 " 1 n 1 1
| dak,  dak, ok
10 1 1 1
=—|1- =—|1- , (3.123)
2n | 20K 2n 'K

where for simplicity we have denoted o/ = 2ce.  We can therefore simplify (3.120) into:

MM%W%A—MM<i[G— 1)m—wHW—u—¢®Eww—mmw4

—2n 'Ky

G, 1
+2 <503 + 5 QCIIVE@®)|* + Cop + Og)ﬂ - (3129)

We now take the expectation over w;_; of the above inequality (i.e. we take Ey, ,[-]): using
the law of total expectation (E[-] = E,_, [E[-|w;_1]]) we obtain:

BR(w) - R(w) <5 | (1= ) Blw - 0l ~ (- VEElw, - of?

—2n 'K

G 1
+21 <§C3 + 5 (2G| VR(w)||* + Cop® + 03))] (3.125)

Let us call A := 21 ($C;+ & (2C|VR(w)|? + Cop® + C3)) for simplicity. Similarly as
in [90], we now take a weighted sum over t = 1, ..., T, to obtain:

1— L

; 21) (1 — %) E[R(w;) — R(w)]
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1 /1 T—t 1
1-VB ﬁ) Kl " )Enw w1 = VA)E]w — ] “‘]

kﬂﬁ>PTO—aa>Mw—qu—ﬂ—¢®Mw—wW]

1 1 T—t+1 1 1 T—t
{@%Q mm—WAW—&_gﬁ Ewrw4

(a) T ks — — 1_a’n
2(1-+/B) ( ) [@ — wol* - Ellwr — wl*| + ( > A
1—- B ’ ! _ ; 1—B
\/_ -\ (11— o
<(1-+/B) w“)Hﬁ—nﬂF+ ( O R
1= VP 2\

-\ G 1
(-w) 2 (s

CWMWMMW+@ﬁ+%0

1\ It G 1 2
= Y EF N2 Eabslh
=) 220+ = (228 VR@w)|? + 22 4 ¢
(_W@) o(Se+ g (BEIvR@R + 22 1 )
1 L T T (1L
— | s )l — w2 + LT
(i=58) 1o (=)
To(1- L\ G 1
A'KRg 20 - N
—I—tzl<1_\/3) n 3(2 C)

T—t
2n
qt

<2€F||VR('w)||2 + 6absu2)
C

+

~\" LA
o'k - 2 a'Ks
<W) [w — wo|” + - (1 — \/B)
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t
2n
qt

(

2ep || VR(w)|*

C
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d 1 - alns o 2 G 1 Eabs
+Z 2 (e |5+ 5 ) + &
—1 qt
11—\ T (1= 2N\ 2y (20| VR(w)|?
S o' K @D — w 2+ oK _< F )
<1_\/B) H 0” ;(1_\/B> ¢ C

T 1\ a1
ors | op? Ty )y Cabs 12
§1< ) i <5u<2+0)+0>7 (3.126)

where (a) follows from simplifying the telescopic sum. Let us denote for simplicity ¢ :=

2RI _ el VR@IIE o 7= ¢, (G 4 1) 4 e

C c

We now choose k and ¢, as follows: we choose k > 4a/2k%k, which implies that:

Vi< —

20k,
< -
= 200ks — 1
1 20 kg — 2 1-
= 1- >1— = o s
\/B_ 200k — 1 2a/ks — 1 1—ﬁ
o) o, ! 3.127
— = — . .
1-vVB )]~ 20/ kg ( )
We recall that we previously defined ¢; = [ﬁw, with 7:= 1(6“& We now set the value of
w,tow:=1-— m
Let uscall v :=1 — . Note that we have:
v<uw. (3.128)
And that we have the inequality below:
v l—5—  da'ks—2 1 1
i XK 5 =1-—<1- =w. 3.129
w o 1—-—21—  da'k,—1 dolkg —1 — 40/ K w ( )

4ol ks

This allows us to simplify equation 3.126 into:

1

T 1 L T—t i
; 2n <—1 — \/B> [R(’wt) — R('w)]

< vl — woll* +

M
t’ﬂ
;
e
Y
B
|
%?H
SN—
v
o
N
tl\')
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_ / T - 2 2 : 'K 2
=4« RsW (H’lﬂ-’lﬂo” +;§) + (1 —ﬂ) 2772/1, s (3130)

where in the left hand side we have used the linearity of expectation, and where (a) uses
equation 3.129, (b) uses the fact that % =L <L =1 (since k, > 1and o/ > 1

= T
1—4a,ﬁs 1-7 3

indeed, we have o = 2o = 2(-~ + 1) with C > 0)), (c) uses equation 3.128, and (d) uses
L

5/

the fact that w < 1so0 1< ﬁ

Let us now normalize the above inequality:

1—

1 T—t
ZtT:1 2n < 1_&\//%3) R('wt)
E - N < T CANT
2 =1 20 < -3 ) 2=12n ( -3 )

The left hand side above is a weighted sum, which is an upper bound on the smallest
term of the sum.

/

Regarding the right hand side, we can simplify it using the fact that 0 < (11__“\%3) ,

127



and therefore:

T (1 o L T*t

o —o > 1. (3.132)
-\ 1= \/B> -

t=1

Therefore, we obtain:

4o/ kW™ (|| — wol® + £5)
E min R(w,) — R(w) < 2 3704 7
i, (wy) — R(w) < o +Zp
4
=40’ Lykgw” (||'w —wo|® + gg) + Zu?. (3.133)
T

Which can be simplified into the expression below, using the definition of wr:

4
ER(wr) — R(w) < 40’ Lyrw” <Hw —wy|* + §§> + ZuP. (3.134)
T
To simplify the above result, we recall the assumptions made earlier on: we have chosen

T=10mr and G =4 .
(a—1) Vs

Therefore, to sum up, we have:

G 1 Eabs 2 1 Eabs
7 — A - 4= ) 3.135
5u(2+0>+c 5“(y5+c)+0 ( )
1 1
=1- =1- 3.136
v 40/ kg Sk ( )

Anep||VR(w)]?

(= c (3.137)
nep | VR(w)| .
: o e § _ nllVE@)|
The last inequality implies: > = 165355/% = i, ]

Corollary 6. Additionally, the number of calls to the function R (#1Z0), and the number of
hard thresholding operations (#HT) such that the upper bound in Theorem 7 above is smaller

than € + Zp, with e > 0 are respectively: #HT = O(klog(1)) and #I1Z0= 0O (%)

Note that if sy = d, we have ep = O(s) = O(k), and therefore we obtain a query complezity
that is dimension independent.

Proof of Corollary 6. Let ¢ € R*.. Let us find T to ensure that ER(wr) — R(w) < e+ Zp?
This will be enforced if:

. 4n||VR(w)||
402 Ly k" —awg|? + = AR ) <
o’ Ly ksw (||w wol|* + 3" dnL. <e¢
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g
402 Ly K, <||w w2 + 1LY >H2>

< Tlog(w) < log

4ksL g
402 Ly ks (Hw wol|? + 47ZHZR(LMW)
= T>—log e (3.138)
log (=) £
Therefore, let us take:
1 40’ Lk (H’w wol|? + 4n||Z£5:w,)H2>
T .= — log (3.139)
log () €
We can now derive the #1720 and #HT. First, we have one hard- thresholdlng operatlon
at each iteration, therefore #HT= T'. Using the fact that ti) = log( 5 = log(lf 7 <
w 8an5

= 8ak, (since by property of the logarithm, for all z € (—oo,—1) : log(1 — z) < —z ),

LC/ is independent of kg, we obtain that #HT = O(k,log (%))

s

8akg

and the fact that a =

We now turn to computing the #1Z0. At each iteration ¢t we have ¢; function evaluations,
therefore:

T-1
#IFO =) q;
t=0

1
ﬁ exp (T log (;))

T+
(a) 1 402 Ly ks <||'w wol|? + 4W>
<1+ lo s
B log(%) & €
T 1 1 4062[/5%3 <||w_w0||2+§wLR—W>
+ -— € 10 — _— 10 sHs + 1
P (w) log(2) €
110 ([lw - ol + )
s/ vg 3 P
=1+ lo s
10%(%) & €
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)12
40° Ly ki (Hu‘; —wo* + g_nllji(;:)u )
1 €

w 2
| 102 Ly, (|l — w2 + $2FHL )
log

" log(2) e

r
w

_|_

IS e

=1

402 Ly K <||m —wyl|? + énIIVRm)nQ)

T 3 4ksLy

n (3.140)

1—w €

w 2
) 102 Ly, (|l — w2 + 42T )
log

" log(2) 3

=1

5112
320 L (|l — ol + $15 )

3.141
+ 7 5 , ( )

where (a) follows from equation 3.139.

And we recall that 7 := l(fjf—jif, which implies that:

T

37 2 (et — 2o 12 gnHVR(@)HQ)
32a° Ly K2 <||w wo® + 3 2l ) _ o (6F </€§LS/ N E)) .
5

g Vg

Therefore, overall, the # 1ZO complexity is in O (£x3Ly).

3.7.4.3 Proof of Theorem 9
Using the results above, we can now proceed to the proof of Theorem 9.

Proof of Theorem 9. Let us denote for simplicity: C; := Z—f, Cy = 5;%, and Cj := e,u°.
Moreover, let us denote F' := supp(w;) U supp(w;_1) U supp(w), where supp denotes the
support of a vector, i.e. the set of coordinates of its non-zero components. Note that
therefore we have |F| < 2k + k < 3k. In addition [u]r denotes the thresholding of u to the
support F', that is, the vector w with its components that are not in F' set to 0. Since R is

Ly-RSS’, with s’ = max(sy, s), R is also s-RSS’ and $5-RSS’, with Lipschitz constant Ly .

Denote vy = Hi(wi—1 — nVR(w;_1)) for any ¢ € N. The fact that R is (Ly,s")-RSS’,
therefore also (Lg,s)-RSS’, implies from the remark in Assumption 11 that it is also
(Ls, s)-RSS, therefore:

R(w;)

Ly
<R(wi—1) + (VR(wy_1), w, — wy—q) + EHwt — th71H2
L,
=R(wi_1) + (gt—1, w — wi_1) + ?”wt — ’wt—1||2 + (VR(wi—1) — g1, Wt — wy_q)
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1 L

=R(w;1) + % [Hwt — (wy — 7]9t—1)||2 - 772||gt—1||2 — [Jw; — 'wt—1||2} + ?Hwt - wt_1||2
+ (VR(wi—1) — g1—1, Wy — wy_1)

1

n] |w; — wtleQ

2

1
:R(wt,l) + %Hwt - (’wt—l - Ugtfl)HQ - g”gtleQ +

+([VR(w;—1) — gi—1]p, wy — wy_y)

(a) _ _ n
<Bwe) + ol (e = ng ) = =l + VB~ @] = g |
] |w; — w;1]]* + ([VR(wi—1) — gr1]r, Wy — wi_1)
=R(w;_1) w — Wi nge—1||” — 2Ngt—1, w1 — W
=R( H 12+ 1%(|ge-1]1> — 2( )
1 2, VB 2
2nuwt R
1
- gllgt—1||2 + 5 n] |w; — w1 ||* + ((VR(wi—1) — gi—1]p, wi — wy—1)
1 . - 1 _ 3 _
=R(w;1) + % [Hw - wt—lH2 —2(ngs—1, w1 — w)} - %Hwt - ng + \2/—77_“% - w||2
L,—1
+ 5 77] |w; — w;1]]* + ([VR(wi_1) — gr1]r, Wi — wi_1)
(b) 1

) 1 2, VB
=R(w;-1) + %Hw —w|]* = (g1, Wi — W) — %Hwt —w|” + %Hvt —w
Ls_'%+'c

1
5 Jw, — w,—y||* + %II[VR(MH) — gi1r |’

+

1
=R(w;1) + %H’JJ —w;1[]* = (VR(wy 1), w1 — @) + (VR(wy 1) — g1, wy 1 — W)

1 _ _ s — =
—%Hwt—wﬂhr\g/_f””t—w”?*‘ Tn] [w; — wi ||
1
+ 55 IVR(wi) = g, (3.142)

where (a) follows from Lemma 11 and (b) follows from the inequality (a,b) < $a* + 550
for any (a,b) € (R?)? with C' > 0 an arbitrary strictly positive constant.

L/—l+C

Let us now assume that 7 := YoWEG +C therefore the term [ — |lw; — w;_1]|* above

is 0. We now take the conditional expectation (conditioned on w;_;, which is the random
variable which realizations are w;_1), on both sides, and from Lemma 16 we obtain the
inequality below (we slightly abuse notations and denote E[-|w;_; = w;_1] by E[-|w;_1]):
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E[R(w;)|w; ]

1 _
<R(w;_1) + %H’JJ —w;_ 1> = (VR(w;_1), w;_; — )

1
- %E [lw; — @|*|lwi 1] + 5—E [[Jv; — | |w;1 ]

2

+([VR(wi—1) — E[gi|wi]]p, w1 — w)
1

+E %H[VR(UH—Q — gi]p|Plwiy

(a)

1 _
<R(w;1) + %H’w - ’wt—1||2 — (VR(wi_1), wi—; — w)

1
- 52 [l — @[] + LU (o0 = w0l
+ SNV Rwi-) — Elgisfw]lel? + — s —
2 t—1 t—1 t—1||F 2G t—1
1
+ %E [HVR(wtfl) - gt71|‘2|wt71]
1 1 _
—Rlwe_1) + [— QG} @ — wis |2 = (VR(we1), wis — )
1
— %E [Hwt — 'lDHQ"lUt_l] + \2/—773E [H'Ut — ’lI)H2|'LUt_1} (3143)
G
+ SNV R 1) ~ Elgi s w1 ]
1
+ %E [IIVR(wi—1) — ge—1]F||*|wi1]
() 1 1 _
 Rwey) + [— QG} @ — wis |2 = (VR(wir), wis — )
1
— 52 [l — @] + 20 [for = 0l
G
+ IV R 1) — Elgi s 1]
1
b NIV RG)  Elgi el + 20— Bl ) ]?)
(3.97)+(3.99) 1 1 _
S Rtwen) + 3+ | I - el = (TR0, w - )
1 G
— 5o [l — lPfs] + LB (o= w0l + S
1 2 2
+356 (2C5 4 2C1||[VR(w—1)||* + 2Cp°)
(c) 1 1 _
2 Rwey) + [— QG} @ — wis |2 = (VR(we1), wis — )
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! : ] G
— 5B [l — ] + LB (o= w0l ] + S

2n
1
4 (204 2V R(w) - VR)|? + 2 VR()[?) + 200+ 2C5)
(d) 1 1 _
SR(we1) + |5+ 55 @ — w1 — (VR(wi—1), i1 — @)
1 G
- 5B [l - w||2|wt_1] + 228 [Jo, o] + 504
1
b o (20 QL w8+ 2 VR@)) + 20+ 205)
1 201.[/2/

1
:R(’Ultfl) -+ [% + ﬁ + C 5 :| Hu_) — wt71H2 — <VR(wt,1), w1 — 11))

! N ) G
- %E [l = wl*wi] + g—fE (o0 — @[] + 5Cs
C’ (2C1HVR< )| + Cap? -1—03) (3.144)
© 11 20,12
< S T
<Rwe-a) + [277 + 2G + C } [ — w;_q|?

+ [R(w) — R(w;—1) — %Hwt—l - “_’”2}

! G
= 5B lllwe = P, ] + g—fE (o, — w|owr ] + 5Cs
1
+ & CONIVR@W)I + Cop” + Cg) (3.145)
e 1 20,1
— R(a1 n 5 1 _—
=R(@) + | 55—+ e @ — w,_y|?
! o ; G
g [l ol + ?—EE v~ ol ] + o

1
6 (2C1[VR(w)||* + Cop® + Cs)

) Love 1 2epl?

< U n _ s’ - 2

<R(w) + | 7 ot oo | - wel
! 5 , G

- %E [l[w: = @[*wi—] + \Q/_EE [lvr — @]|*aw, ] + 503
1
+ 5 QGUVR@)|* + Copr® + i) (3.146)
Where (a) follows from the inequality (a,b) < $a® + 55b?, for any (a,b) € (R%)?

with G > 0 an arbitrary strictly positive constant, (b) and (c) follow from the inequality
la +b]|* < 2||al|® + 2||b]|? for any (a,b) € (R?)2, (d) follows from the fact that R is (L, s')-
RSS’ (Assumption 11 with sparsity level s’), therefore it is also (L, s)-RSS’, (e) follows
from the RSC condition, and for (f), we recall that C; = EF , and we define ¢, = (“%L for
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some w > 1 and 7 > 0 that will be chosen later in the proof.

Recall that we have chosen 7 := ﬁ Let us define o := LC, +1. Then C = (a— 1)Ly,

and ) = ——. Also recall that r, = Ly

o Vs
We will now choose the constant G and C, in order to simplify the inequality above,
such that it matches as much as possible the structure of the previous proofs:

We will seek to rewrite:

1y 2°F 12 412 °F
n "¢ 1 St _ 1 1 o 1 : .
|: 2 + 2G + C <_ 2n |:1 + GalL, + (a—l)aL?, oms:|> , Into :

% [1 S } for some o/ > 0 (we will seek o’ ox , with a dimensionless proportionality

o'ks

constant for simplicity).

Therefore, let us choose G := Vi, which implies:

1 1
= ) 3.147
GaLy 4ok ( )
And let us choose 7 := 185—;951*;, which implies:
4128 1
A . 3.148
(a—1)al? 4ok ( )
Therefore, using equations 3.147 and 3.148, we obtain:
%—vs+ () N O PR % 1
2 2G C | 2p|  GaLy (a—1al? ak,
[, 1o 1
| dak,  daks ok
1] 1 1 1
=—|1- =—|1- , (3.149)
2n | 20K 2n 'K
where for simplicity we denote o/ = 2a.
We can therefore simplify (3.146) into:
ElR(w)w ]~ B@w) <o | (1 =) @ —w |~ o [l — @]
)| Wi—1 =% R t—1 o t t—1

V3
o

E [|lv, — w||*|w;1]

G 1
+2n (ECg +5 (2C1[[VR(w)||* + Cop® + Cg))} . (3.150)
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We now take the expectation over Wt 1 of the above inequality (i.e. we take E, ,[-]): using

the law of total expectation (E[-| = Ey, , [E[-]w,_;]]) we obtain:
ER(w,) — R(w) <— Ellw - wii|’ — —E [Jw; - w|?]  (3.151)
t _277 t—1 2 ¢ :
+§;mw ]

G 1
+2n (503 + = - (2C1||VR( NP+ Cop® + C3))] . (3.152)

Let us call A := 2 (5$Cs + & (2C1||[VR(w)||* + Cap? + C3)) for simplicity.
This gives:

1 1 1
ER(w) - f(w) < 3| (1= 2 ) Blw - 0l - 5 Bl - off
+\;—§E|]vt | +A} | (3.153)

Additionally, in view of equation 3.125 applied at v, instead of w;, (since v; here
corresponds to the w, from Section 3.7.2.2, i.e. v; is the hard-thresholding of an iterate
after a gradient step), we know that:

BR(w) - Rlw) < oo | (1= 2 ) Blw - wal? — (- VBElw, ~ 0] + 4]
(3.154)

We now take a convex combination similarly as in the case without additional constraint
(section 3.5.2), for some p € (0, 1).

gm@+l[@_ ,)mm—wHW—a—mmW—ww

2n 'K
+(W=pVB = (1= VB)p) Ello, —w|* + A
1 1
~tw) + - | (1= 2 ) Bllw — wel? = (1 - e, - wl?

— (o= V/B) Ellv. — w||* + 4]

(b) 1 1
<mw+—-@— )Mm—qu—O—mww—wW

- 2n 'Ky
~ (o= VB) Ellw: - w|* + 4]
1 1
—R(w) + o {(1 - ) Ellw — w1]? — (1 — V/B)E|w, —w|>+ A| . (3.155)
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where in (b), we have assumed that v/ < p (later we will verify that our choice of k ensures
such a condition), and have used the fact that projection onto a convex set is non-expansive
(which implies that ||v; — w|]* > ||lw; — w|?).

Similarly as in [90], we now take a weighted sum over ¢t = 1,..., T, to obtain:

> (ﬁ) E[(1 - p)R(w,) + pR(v) — R(w))

oKy

(11: o\%)ﬂt {(1 - a’1/€5> El|lw — wy_1|®> — (1 — /B)E|w; — w]||® + A]

lliw>[(1— ) Ellw = = (= VB —

1 1 T—t+1 1— 1 T—t
=(1-v8)) <ﬁ> Ellw — w|* - (ﬁ) Efw; — wlf?

1

. T—t
) -1 1——=
) (W) @ — woll* - Eljwr — ] +Z(1——fé> !

t=1

1_ 1\T T/ 1\
oK — 2 a'Ks
<(1—-+/B) —1_\%) | — wo| +t§:1:<1—\/6 A

< 'R WD — w 2+ o'k A
—<1—¢B) o=l ;(1 \/B>
L 1\T TN\ e
_ o' s _ 2 o'k 2 - — (2 D)2
(1_ﬂ 1 — wo +;<1_ﬁ> n<203+0(01HVR<w>H
+Cap* + C3))
1—-L\" L2\ 1 (e
_ ks WD — w 2_|_ &K 2 <—C + — (2—F VR(w 2
(=55 - £ (1=55) (e (v
2

T T—t
(72T ) e o () (AR
1—+/FB 0 — 1 -+ q C



- 1—@ Ty e e O T ol &
(= Hw—wou+; — E( ! )

-\ S (1= 2y 20 VRw) 2
s( _ﬂ) & — wol +;(1_ﬁ> 2 (el

1
G 1 Eab
SLA 20y —+ = i 1
Z;( ) nu (€“<2+C)+C)’ (3.156)

where (a) follows from simplifying the telescopic sum. Let us denote for simplicity ¢ :=

2Qep| VR _ dnerl VR o 7 .= ¢, (G 4 L) 4 e,

We now choose k and s; as follows: we choose k > 4a x2k, which implies that:

fs}

2% K,
p
1
< —
b= 2%k, — 1
P
20y 91—
1 _KJS - af’lis
— 1 — > 1 — 7 = p/ — P
Vo2 2%k, —1 2%, —1 11— —F—
P p 27;{5
1— aj 1
= [—2= | <1———. 3.157
1-B |~ 2%&8 ( )
We recall that we previously defined ¢; = ( W with 7 = 16/-@5( . We now set the value
of w,tow:=1-— 715
p s
Let us call v :=1 — YU . Note that we have:
p Ivs
v < w. (3.158)
And that we have the inequality below:
L= s 4%, 2
20‘—,53 o Kvs - ]. 1
Y & =1-— <1- —F =w. (3.159)
w 1—4%{ 40‘ ke — 1 4%145—1 4%@

P

This allows us to simplify equation 3.156 into:
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EZ 21 (i—%) (1 p)R(w,) + pR(v,) — R(w)]

T ¢ T/ N\
< vljw — wy* + Z pI ot 2 Z (—O‘l'{s ) YA
t=1 = 1-VB

Tt
(b) 4.1 (&(1-3

< T\lory 2 -.T > a'Ks 2z2
<v'||w on+3w —1—W+7;1<1—\/B nZ

T—t

(©) 4.1 (=(1-%

< Tllary 2 _T S Q' Ks 222
< w'||w w0||—|—3w —1—W+T;:1<1—\/B Nz

/

Tt
a 4 ¢ 1-

=4—rw" [ |w—wol* + = ) += — ) 2z, 3.160
p/fcu <Hw wy || 3) TZ 1= VA nZp ( )

where in the left hand side we have used the linearity of expectation, and where (a) uses

equation 3.159, (b) uses the fact that L = —— < 1+ = 2 (since 5, > 1 and o/ > 1
7 1

a
45 Kg

P
(indeed, we have o/ = 2a = 2(:< + 1) with C' > 0), so consequently %’ > 1), (c) uses

S,

equation 3.158, and (d) uses the fact that w < 1so0 1 < ﬁ

Let us now normalize the above inequality:
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o () 10— k) + pR(w)

4%/£sz ([lw — wo|* + 3)
Tt

E < R(w)+

T—t >
T - T U
D121 < 1—V3 ) D=1 2n ( 1—V3 )

AT

(3.161)

The left hand side above is a weighted sum, which is an upper bound on the smallest
term of the sum.

Regarding the right hand side, we can simplify it using the fact that 0 < (T_"&%é) ,

i(i:%) i > 1. (3.162)

and therefore:

Therefore, we obtain:

g 4% ke ([l — w2 + %)

]Eteglyi'{lﬂ[(l — p)R(wy) + pR(v) — R(w)] < 2

+ 7
2 4
- 4a—LS//<;SwT (Hw —wyl]® + —g) + Zp?,
p 3T
(3.163)

which can be simplified into the expression below, using the definition of wy:

2 4
E[min(1 — p)R(w;) + pR(v;) — R(w)] < 4&—L5/K8wT (||'lIJ —wy|* + —g) + Zp?.
te[T) p 3T
(3.164)

To simplify the above result, we recall the assumptions made earlier on: we have chosen

=10 and G =4 .
(a—1) Vs

Therefore, to sum up, we have:

G 1 gabs 2 ]- 6abS
g (€1 e, (242 1
e#<2+0)+0 8“(VS+O>+O (3.165)
oy (3.166)
w=1l—-—F—=1- .
4%/@8 8%k,

_ dnep| VR(w)|?
C

(3.167)
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dne p || VR(w)||? -
C _ nllVR(w)|?
165 Ly L drksLy  °

The last inequality implies: % =

Let us denote by er the right-hand side term from equation 3.164:

2

=\ |2
N <“u—, — w2 + 49|V R(w)[*
P

AT 1
sl 2 (3.165)

We now proceed similarly as in the proof of Theorem 7 above. Recall that we have
assumed in the Assumptions of Theorem 9, without loss of generality, that R is non-negative,
which implies that R (v;) > 0. Plugging this in equation 3.164 implies that:

Emin R (1)) < %pR(u‘z)nng_ijL(l fp);ﬂ < (1+2p)R(u_J)+1€_Tp+1TZp,u2. (3.169)
Plugging the change of variable &/, = fTTp into equation 3.169 above, and redefining Z into
7 = 1%{) <5u <V3 + %) + 525“), we obtain that:

E?GI[IJ%R (w;) < (1 +2p)R(w) + e + Zp. (3.170)

Further, consider an ideal case where w is a global minimizer of R over By(k) :=
{w: ||lw|lo <k}. Then R(v;) > R(w) is always true for all ¢ > 1. It follows that
the bound in equation 3.164 yields:

Emin {(1 — p)R (w;) + pR(w)} < Emin {(1 — p)R (w;) + pR (v;)} < R(w) + e,

te[T) te(T)
which implies: Eminpr R (w;) < R(w) + fTTp. In this case, we can simply set p = 0.5,
and define ¢/, = =L = 2¢p similarly as above. The proof is completed.

1-p

]

3.7.5 Proof of Corollary 4

Proof of Corollary 4. Let ¢ € R%.. Let us find T to ensure that Eminc, 7y (1 — p) R(wy) +
pR(v) — R(w) < e+ Zp?

This will be enforced if:

1 4 R(w)|12
40{2—LS/I{5(UT (Hw — 'u)OH2 + _M> <e
p

3 4/15_[/5/
<= Tlog(w) <log <
og(w) < lo i
1023 Lyr, (|| — o2 + $2LAGEI )
1023 Ly, (|10 — w2 + 42T )
T2 103y : — (3.171)
ogl, €
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Therefore, let us take:

. 4021 LK, (H’w wy|? + L2IYE )H2>
T := m IOg fo . (3172)
og(= €
We can now derive the #1Z0 and #HT. First, we have one hard- thresholdlng operation
at each iteration, therefore #HT= T Using the fact that t Ty = log( y = log(l—l ;<
w 80451&5
—1— = 804;;@8 (since by property of the logarithm, for all x € (—oo,—1) : log(1 —z) < —x
Sa%ms
), and the fact that o = L% is independent of k,, we obtain that #HT = O(k;log (%))

We now turn to computing the #1Z0. At each iteration t we have ¢; function evaluations,
therefore:

T 1
% — exp (Tlog (;))

=T+
0 1 (108, (- wl? + SR
<1+ —=<log P FsLgs
log(z) €
1 1 402 L/n <Hw wp H2 4%)
T s Rsligl
log | — 1
+%_1exp Og<w) log(%) og -
+1])
1 4021 L 5 <||w wo|? + 4n||VR<Lw>||2>
s ks L
=1+ lo
108;(%) g €
z 402 L s Ks <||'w wol2 + 477\\25(;,/)”2)
+ 1 ]
1 1028 Ly, (|| — wo||? + 325 AEI )
=1+ lo rs Ly
log(%) § €
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T (. e + JulgRgel)

T 4ksL
1 —w
L 402 L K Hw wo HQ 477||Zi(L /)”2>
B log % €
VR(w)||?
320 L, 3 Hw wol|? + 42T EL] )
. , (3.173)

3

where (a) follows from equation 3.172.

And we recall that 7 = 16k, —£~ =) 1), which implies that:

T

203 L L. 2< o — wall? z_LnIIVR(w)HQ)
g 5 Vs

Therefore, overall, the IZO (query complexity) is in O (%FRZ’LS/). The proof is completed.
O

3.8 Experiments

In this section, we provide some experiments to validate experimentally our theoretical
results. Before describing our experiments, we provide a short discussion about the settings
and algorithms that we will illustrate. For constraints I' for which the Euclidean projection
onto By(k)NT has a closed form equal to the T'SP, our algorithm is identical to a vanilla non-
convex projected gradient descent baseline (see Remark 11). In such case, our contribution in
this paper is on the theoretical side, by providing some global guarantees on the optimization,
instead of the local guarantees from existing work (cf. Table 1). Additionally, there are
case in which there exists a closed form for projection onto I' N By(k), different from the
TSP (e.g. when I' = R%, cf. [97]). Although our framework allows us to get approximate
global convergence results when using the TSP, still, at the iteration level, a gradient step
followed by Euclidean projection (not TSP) is optimal, since it minimizes a constrained
quadratic upper bound on R. Therefore, we may not expect much improvement of the TSP
over the Euclidean projection in such case, except on the computational side. With this in
mind, we provide below the outline of our experiments:

e In Section 3.8.1, we illustrate on a synthetic example the trade-off between sparsity
and optimality that is introduced by the extra constraint I', and that is balanced by
the parameter p.

e In Section 3.8.2, we consider a synthetic example, in a case where Euclidean Projection
and Two Steps Projection do not coincide (as mentioned above), in order to compare
those two methods.
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e In Section 3.8.3, we consider a portfolio index tracking problem where the goal is to
illustrate a real-life application of our methods.

e In section 3.8.4, we consider a multi-class logistic regression on a real life dataset, to
illustrate in more details in particular the stochastic and the zeroth-order versions of
our method.

3.8.1 Synthetic Experiments: Illustrating the Sparsity /Optimality
Trade-Off

In the section below, we provide a synthetic experiment to illustrate our Theorem 4, i.e.
the trade-off between sparsity and optimality that is introduced by the extra constraint I,
and that is balanced by p € (0,0.5]. We consider the synthetic linear regression example
from [0] (Section E), with the risk below:

1
R(w) = — | Xw — yll5. (3.174)
and where X is diagonal with:
1 ifiel
1 itiels,

where I} = [s], [ = [s+ 1,s(k + 1)], I3 = [s(k + 1) + 1, s(k* + k + 1)] for some s > 1 and
k > 1 (we choose s = 50 and k = 2, which results in having d = 350), n denotes the number
of rows of X, and y is defined as

k/1—46 ifiel
yi = VEV1I =26 ifiel, (3.176)

1 iti el

for some small 6 > 0 used for tie-breaking (we set it to le — 4). We chose such an example
as it is used by [0] to prove a lower bound on the fundamental trade-off between sparsity
and optimality proper to IHT: they use it to show that the relaxation of the sparsity k, of
the order k = Q(k?k) (see also Table 3.1) is in fact unavoidable for IHT-type algorithms.

Case without Extra Constraints. First, we illustrate our Theorem 3 which considers
vanilla IHT, without extra constraints. In Figure 3.2, on the one hand, we plot in blue,
for every k € [d], the value of R(wy) where wy, is the result of running vanilla IHT with
sparsity k& up to convergence. Then, on the other hand, we go through every value of k € [d],
and for each of them, we plot a point (K (k), R(wy,)), where K (k) denotes the value of k
required in our Theorem 3, i.e.: K (k) := 4k%k, and Wy, := minepa.|uw|,<i R(w). Therefore,
each of such point R(wy) constitutes an upper bound on the value of R(wyz), as we can
indeed observe on Figure 3.2.
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Figure 3.2: Illustration of Theorem 3 (i.e. I' = R?).

Case with Extra Constraints. We now illustrate the influence of the extra constraint
[' on the problem. We consider for I' an ¢, norm constraint of radius A > 0, that is:
= {w e R?: Vi€ [d], |w;] <A}. In this new setting, we also go through every value of
k € [d], but this time, each of those values actually defines a curve parameterized by p,
according to our Theorem 4: for each k we plot the parametric curve (K (k, p), (1+2p) R(wy)),
where, similarly as above, K (k, p) denotes the required value of k according to Theorem 4
(ie., K(k,p) = 4(17;’#), and Wy = Min,,crd,|jw|, <k (W), and where p ranges in (0,0.5].
We present the results for several values of A\ in Figure 3.3 below. Note that a priori,
the curves are allowed to cross, i.e. for a given k on the x-axis, one could have a point
from a curve of small k& (i.e. lighter shade of red) which could potentially also belong to a
curve of larger k (let us denote it k') (darker shade of red), which would necessarily have a
larger p (let us denote it p’), but for which the overall (1 + 2p") R(wj,) could be equal to
(1 + 2p)R(wy) (since the problem will be less constrained with &’ than with k). However,
interestingly, this is not the case here due to the simplicity of the structure of the example.
We can also observe that similarly as in the case where I' = R?, the bound is a bit tighter
in the small &k regime (i.e. when k € [50,100]).

3.8.2 Synthetic Experiment: Comparing Two-Step Projection and
Euclidean Projection

3.8.2.1 Differences Between Two-Step Projection and Euclidean Projection

In this section, we describe the differences between the two-step projection and the Euclidean
projection onto the mixed constraints I' N By (k). One can encounter several possible cases:

e Case (i): the two-step projection (TSP) and the Euclidean projection onto I' N By (k)
are identical (see e.g. Remark 11): in that case, the contribution of our paper are on
the theoretical side: Theorems 4, 7, and 9 give global convergence guarantee which
therefore in this case apply to the usual (non-convex) projected gradient descent
algorithm with Euclidean projection.
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Figure 3.3: Illustration of Theorem 3 (with I' an ¢, ball of radius \).

Case (ii): the TSP and the Euclidean projection onto the mixed constraints are
different: this case can be declined into several sub-cases as described below:

— Case (a): the Euclidean projection onto the mixed constraint I' N By (k) is
unknown (such as for the constraints I' used in the experiments from Section
3.8): in that case, the TSP can allow to fill such gap, since the TSP only requires
the knowledge of the projection onto I', which is often known and easy to do.

— Case (b): the Euclidean projection onto the mixed constraint I'N By (k) is known,
but computationally expensive: in that case, the TSP can provide a simpler
and faster alternative to the Euclidean projection, while still enjoying some
convergence guarantees as shown in this paper.

— Case (c): the Euclidean projection onto the mixed constraint I' N By(k) is known
and is efficient enough (e.g. when I" belongs to the set of positive symmetric sets
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such as in [97]). In such cases, it is unclear whether the TSP can improve upon
Euclidean projection since, at the iteration level, using the Euclidean projection
is optimal (indeed, a (Euclidean) projected gradient descent step minimizes a
quadratic upper bound on the objective value under constraints (derived from
the smoothness of R)), and the TSP is therefore suboptimal in that sense (at the
iteration level). This is the case that we will analyze in this section, in order to
evaluate in practice the extend of such differences between TSP and Euclidean
projection in such case.

3.8.2.2 Setting

As mentioned above, we analyze in more details the case (ii,c) above. We consider a simple
synthetic linear regression setting with a correlated design matrix, i.e. where the design
matrix X is formed by n i.i.d. samples from d (we take d = 1000 , and n = 5000) correlated
Gaussian random variables { X7, .., X4} of zero mean and unit variance, such that:

Vie{l,...,d}: E[X;] = 0,E[X}] = 1; (3.177)

V(i,7) € {1,...,d}* i # j:B[X;X;] = pll. (3.178)

More precisely, we generate each feature X; in an auto-regressive manner, from previous
features, using a correlation p € [0,1), in the following way: we have X; ~ A(0,1) and
o2 =1-p% and for all j € {2,...,d}: X;11 = pX; +¢; where ¢; = oA\, with A ~ N(0,1).
Additionally, the data is generated from a vector w* of k*-sparse support sampled uniformly
at random, with k* = 20, and with each non-zero entry sampled from a normal distribution,
and y is obtained with a noise vector € created from i.i.d. samples from a normal distribution,
rescaled to enforce a given signal to noise ratio (SNR), as follows:

y=Xw"+e€ (3.179)
with the signal to noise ratio defined as snr = ”)ﬁ:‘"*” (we choose snr = 3). We generate this
dataset using the make_correlated_data function from the benchopt package [106]. The
problem that we solve is:

1
min — || Xw — y? (3.180)

welNRY N

In such case, the Euclidean projection of w € R? onto I' N By (k) is given in [97], [14], and
consists in simply sorting the entries in w, (wy, ..., wy) (not in absolute value), keeping the
k largest ones (and setting the others to 0) to obtain w’ and then replacing each coordinate
w; by max(0,w}). The two-step projection (TSP) in such case is simply hard-thresholding
of w to obtain a vector w’ followed by replacing each coordinate w; by max(0, wy)).

We plot the optimization curves for several values of k& (k € {30,100, 200, 500, 800, 1000}
in Figure 3.4). In all curves, the learning rate is set to 1/L where L is the smoothness
constant, equal to 2|| X || where || X |, is the spectral norm of X.
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Figure 3.4: Comparison of TSP vs. Euclidean projection for several k.
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3.8.2.3 Discussion

As we can observe in Figure 3.4, the Euclidean projection onto I' N By(k) performs better
in terms of objective value than the TSP in some cases. However, the gap between the
two methods closes as the enforced sparsity of the iterates k increases. We interpret it in
the following way. First, (non-convex) projected gradient descent (i.e. using Euclidean
projection) is guaranteed to converge to a (non-convex constraints version of a) stationary
point of the objective function (see e.g. Theorem 1 from [152]), whereas our method does
not possess such guarantee (indeed, our guarantees are of the global kind: we give upper
bounds on the objective value for the output of the algorithm), and therefore, the TSP
may in some cases not converge to a stationary point, which may explain why Euclidean
projection sometimes performs better than TSP. However, for larger k, in both cases the
projections operators (TSP or Euclidean projection) become closer to a simple projection
onto I' (i.e. without sparsity constraints), which explains why as k grows, the gap between
the two methods reduces. Finally, the improved performance of the TSP when k is larger is
consistent with our Theorem 4, since for larger k, the upper bound on R from Theorem 4
can be made smaller, since considering larger k implies that p can be taken smaller as per
Remark 13, reducing our upper bound on the objective value.

In conclusion, these results show that in case (ii) from Section 3.8.2.1 above, the TSP
introduced in this paper can be the most useful if the Euclidean projection onto I' N By (k) is
unknown, or too expensive computationally. Additionally, the gap between the two methods
reduces if the enforced sparsity k of the iterates is large enough, or if the constraint forces
iterates to stay close to 0.

3.8.3 Real Data Experiment: Portfolio Index Tracking

We now consider the following index tracking problem, originally presented in [135], and
used as well in [14,97]. Tt is also similar to the portfolio optimization problem presented
in [31]. We seek to reproduce the performance of an index fund (such as S&P500), by
investing only in a few key k assets, in order to limit transaction costs. The general problem
can be formulated as a linear regression problem:

i Aw — y|]? 3.181
pein [l Aw —y| (3.181)

where w represents the amount invested in each asset. For each i € [n] denoting a timestep
, the i-th row of A denotes the returns of the d stocks at timestep ¢, and y; the return of the
index fund. In our scenario, we seek to limit to a value D > 0 the amount of transactions in
each of ¢ activity sector (group) of the portfolio (e.g. Industrials, Healthcare, etc.), denoted
as G; for i € [¢]. We ensure such constraint through an ¢; norm constraint on each group:
I'={weR?:Vie|[d,|wg]|1 < D}, where wg, is the restriction of w to group G; (i.e.
for j € [d], wg,; = w; if j € G; and 0 otherwise). In our case, y denotes the daily returns
of a given portfolio index (e.g. S&P500) for a given time period (e.g. a given year), and A
the returns of the corresponding d assets (over ¢ sectors) of the index during such period.
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Baselines. Up to our knowledge, there are no closed form for the Euclidean projection
onto By(k) NI, but the two-step projection can easily be done by projecting onto the
¢y ball for each sector independently. We compare our algorithm (FG-HT-TSP) to two
naive baselines: (a) the first one. called "PGD(I") + finalllp,", consists in only ensuring
the constraints in I', followed at the end of training by a simple hard-thresholding step
to keep the k largest components of w in absolute value, and (b) the second one, called
"PGD(By) + finalll", consists in running vanilla THT, followed at the end of training by
a simple projection onto I' to keep w in I' N By. We learn the weights of the portfolio on
80% of the considered period, and evaluate the out of sample (test set) performance on the
remaining 20% (shaded area in the figure).

Datasets. We compare our algorithms on three portfolio indices datasets:

e S&P500: We take k = 15 and D = 50. y denotes the daily returns from January 1,
2021, to December 31, 2022, and A denotes the returns of the corresponding d = 497
assets (over ¢ = 11 sectors). We plot our results in Figure 3.4(a).

e HSI: We take £k = 15 and D = 1000. y denotes the daily returns from January 1,
2021, to December 31, 2022, and A denotes the returns of the corresponding d = 72
assets (over ¢ = 4 sectors). We plot our results in Figure 3.4(b).

e CSI300: We take &k = 15 and D = 100. y denotes the daily returns from March 1,
2021 (due to missing values in early 2021), to December 31, 2022, and A denotes the
returns of the corresponding d = 291 assets (over ¢ = 10 sectors). We plot our results
in Figure 3.4(c).

The data for those three indices is scrapped from the web using the beautifulsoup! library
to gather information about the index, and the yfinance? library to scrap the returns of
such stocks during the considered time period. We provide in Table 3.2 below the respective
dimensions of the train-sets used for the experiments (which constitutes, as we recall, 80%
of the total dataset).

INDEX | n d
S&P500 | 402 | 497
CSI300 | 353 | 291
HSI 394 | 72

Table 3.2: Number of samples (n) and dimension (d) of the training sets for the index
tracking experiment.

https://pypi.org/project/beautifulsoups/
2https://github.com/ranaroussi/yfinance
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Results.

As we can observe on Figure 3.5, overall, the true index (blue curve) is more

successfully tracked by our method (FG-HT-TSP, green curve), on the train-set of S&P500
and CSI300 and on the test-set of HSI and CSI300. Additionally, we have observed that for
S&P500, our algorithm solution nonzero weights spans 9 of the 11 sectors for the S&P500
index, 7 sectors out of 10 for the CSI300 index, and 3 of the 4 sectors the one for the
HSI index. Therefore, such portfolios are well diversified, as successfully enforced by our

constraint.
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Figure 3.5: Index tracking with sector constraints for various indices

On the Verification of Assumptions 7 to 9: Note that such index tracking experiments

verify Assumptions 7, 8 and 9:

e Assumption 7 is verified since the cost function is quadratic, with a design matrix
of size n > d (except in the case of S&P500). As can be expected with such matrices
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in general, the Hessian H = 2AT A is positive-definite (we have indeed verified in
our code that it is). Therefore the RSC constant is bounded below by A, where
Amin is the smallest eigenvalue of 2AT A. Note that for S&P500, strong convexity is
not verified since d > n: however, since we take k£ = 15, with high probability (i.e.
unless we can find s = 2k = 30 columns of A that are exactly linearly dependent),
RSC should be verified.

e Assumption 8 and Assumption 11 are both verified since the cost function is
quadratic, therefore the (strong) RSS constant is bounded above by 2||A||?, where
|| - ||s denotes the spectral norm.

e Assumption 9 is verified since projection onto I' can be done group-wise, and for
each group the projection is onto an ¢; ball, which is a convex symmetric set (which
is support-preserving from Remark 10), therefore, overall, I" is support-preserving).

3.8.4 Real Data Experiment: Multiclass Logistic Regression

We now consider the multiclass logistic regression problem with class group-wise /5 norm
constraint as follows. We have Rj(w) = >7_, 2 w;|2 —1{y; = j}log% ,
where y; is the target output of x;, c is the number of classes, and w; is the weight vector
specific to class j. In addition to the sparsity constraint By(k), we enforce the following
additional constraint I' = {w € R? : Vj € [c] : ||w,||2 < D}, for some constant D € R,
where d = p X ¢, with p the number of features of the samples x;. More precisely, in
such multiclass logistic regression, we seek to ensure an extra regularization not only on
the whole global weight vector w (with the used squared ¢, penalty), but also on each
weight vector related to each class (through I'), in order to prevent a potential class-wise

overfitting.

Up to our knowledge, there is no known closed form for the Euclidean projection onto
such I' N By(k). However, the two-step projection (T'SP) can be done easily: once the first
projection is done (projection onto By(k), i.e. hard-thresholding) and the sparse support S
is identified as per Section 3.4.1, the projection onto I restricted to S can be easily done
since I is class-wise decomposable, and therefore it suffices to project, for each j € [¢], each
w; onto the ¢y ball of radius D.

We have the smoothness constant L as below (see [21] for a derivation):

1 1
L = Opmax (2— (chc — —1612) @ X'X + 2>\Idxd> (3.182)
n C

Where ® denotes the Kronecker product, o, the largest singular value of a matrix,
I, the identity matrix of size m x m for some m, and 1, the vector [1,1,..,1]" € R¢ .

We consider the dna dataset from the LibSVM dataset repository [35], and we choose
D = 0.5, A = 10. For the stochastic case we take B = 1e°, and for the stochastic and ZO
case we take a = 2. Note that in the stochastic case, if the growing batch-size required
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by Theorem 7 becomes larger than n, we keep it fixed to n (i.e. in such case we take the
whole dataset at each step). In the zeroth-order case, we take yu = le — 6. We set set all
other hyperparameters as per Theorems 4, 7 and 9. In Figures 3.6, 3.7, 3.8 and 3.9, we plot
the number of calls to a gradient VR; (IFO: iterative first order oracle), and number of
hard-thresholding operations (NHT), for various values of k and D (for the zeroth-order
case, we plot the IZO (number of calls to the function R) instead of the IFO). We can
observe that HSG-HT-TSP allows a smaller IFO than FG-HT-TSP in early iterations, since
it does not need to compute a full gradient at each iteration.

In addition, to illustrate the theoretical improvement of our results on zeroth-order,
even in the case where there is no additional constraint, we compare in Figures 3.10, 3.11
and 3.12 our algorithm HZO-HT with ZOHT [16], choosing for both algorithm an initial
number of random direction as prescribed by our Theorem 9, and choosing, for the learning
rate, in our case the one prescribed by Theorem 9, and for ZOHT, the one prescribed by
Theorem 1 from [10] (and in both cases we fix s = 3k as per Theorem 9): we can see that,
in addition to being able to obtain a convergence in risk without system error, contrary to
ZOHT (cf. Table 3.1), our Theorem 9 also prescribes a better (larger) learning rate (i.e.
less conservative), leading to faster convergence.
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e Assumption 7 is verified thanks to the added squared /5 regularization, which makes
the problem strongly convex and hence also restricted strongly convex.

e Assumption 8 and Assumption 11 are both verified since the problem is smooth
with a constant L as described above in equation 3.182, and therefore such constant
is also a valid (strong) restricted-smoothness constant.

e Assumption 9 is verified since, since, similarly as in the index tracking experiments
from Section 3.8.3, projection onto I' can be done group-wise, and for each group the
projection is onto an ¢; ball, which is a convex sign-free set (which is support-preserving
from Remark 10), therefore, overall, I' is support-preserving.

3.9 Conclusion

In this paper, we provided global convergence guarantees for variants of Iterative Hard
Thresholding which can handle extra convex constraints which are support-preserving, via
a two-step projection algorithm. We provided our analysis in the deterministic, stochastic,
and zeroth-order settings. To that end, we used a variant of the three-point lemma, adapted
to such mixed constraints, which allowed to simplified existing proofs for vanilla constraints
(and to provide a new kind of result in the ZO setting), as well as obtaining new proofs
in such combined constraints setting. Finally, it would also be interesting to extend this
work to a broader family of sparsity structures and constraints, for instance to matrices or
graphs. We leave this for future work.
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Chapter 4

Iterative Regularization with k-Support
Norm.

4.1 Interlude: a Dual Perspective on Iterative Hard-
Thresholding

In this section, we transition to the last algorithm explored in this thesis, namely, [terative
Regularization with k-support Norm (IRKSN). So far, we considered the IHT algorithm,
which is a (non-convex) projected gradient algorithm. For a set S for which a projection
operator is well defined, projected gradient descent is as follows, where 7, is the step-size at
iteration ¢, f is the function to optimize, and Ils denotes the Euclidean projection onto &:

xi1 = Us(xy — 0V f(1)) (4.1)

In other words, at each iteration, we perform a gradient step, followed by a projection
step. However, in [111], an alternative method is proposed to solve constrained optimization
problems (although in the convex setting): the dual averaging method. It consists in
accumulating the gradients in an unprojected so-called dual variable, from which the
iterates x; are obtained by a projection onto the feasible set. The update rule of dual
averaging can be written as follows:

Y1 = Yo — iV f () (4.2)

xi11 = s(Yer1) (4.3)

Such an algorithm is also called (lazy) mirror descent [27] or lazy online Convex
Optimization [1641]. To prove the convergence of such an algorithm, one usually needs to

consider the following potential function ¢, such that we have IIs = V¢. For instance,
if S is the ¢y unit ball B := {x € R?: ||z| < 1}, we have II5(-) = V¢(-), with, for any

1 23 <
2 ERY: o(a) = {2||w|| if |2 < 1

L ) (one can show that ¢ is indeed smooth, as it is
||| — 5 otherwise
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Figure 4.1: The half-squared top-k norm is not smooth.

the multidimensional Huber loss function, which is the Moreau-Yosida smoothing of the
(unsquared) ¢, norm function (and hence it is smooth by property of the Moreau-Yosida
smoothing) (see Example 4.1 in [15])). Therefore, by analogy, we could consider as a
potential ¢, the following half-squared top-k norm function ¢(-) = (|| - |¥))2, where || - ||®
is defined as the ¢, norm of the largest k£ components of a vector. One can indeed check
that for the points where 1(|| - |¥)) is differentiable, V [(|| - |¥)] = Hy(-): in other words,
such a function ¢ can indeed be a potential associated with projection onto the ¢y ball, i.e.
a potential associated with the hard-thresholding operator. Unfortunately however, such a
potential function ¢ is not smooth (as can be observed in Figure 4.1), and therefore one
cannot use the same proof than in the convex case to prove convergence of a dual averaging
version of the k-support norm. However, a potentially interesting idea is to replace the
potential by its Moreau smoothing, which amounts to adding an squared /5 regularization
to the dual of the (half-squared) top-k norm. The dual of the half-squared top-k norm is the
half-squared k-support norm (see e.g. [24] Example 3.27, p. 94), where the k-support norm
is the dual norm of the top-k norm. We denote the k-support norm by | - ||;” (see e.g. [3])
and we will describe it in more details later in this chapter. The Moreau smoothing of the
top-k norm, can indeed be denoted by ¢°, and expressed as follows, with ¢* denoting the
Fenchel dual of a function ¢ [127], as using the fact that for some A > 0, (A¢(-))* = Ap*(5),
and Section 3.1 from [121]:

1, - 1
N — (=117 = = (]| - |12} )* 4.4
#5() = (o5 (I517+ 5 12) ) (4.4)
Therefore, to sum up, without smoothing of ¢, a dual averaging algorithm using the

potential ¢ directly would be as such (where we use the subgradient since the potential is
not smooth):

Y1 = Yo — iV f () (4.5)
i1 € 00(Yeq1) (4.6)

But using the smoothed ¢s instead of ¢, we obtain the following algorithm:
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Y1 = Yo — 0V [ () (4.7)
L1 = V¢6(yt+1) (4-8)

Since the gradient of the Moreau envelope of a function ¢ is equal to the proximal
operator of its Fenchel dual ¢* (see the last equation in Section 3.1 [121]), we can rewrite
the above update steps into:

Y1 = Y — 0V f (1) (4.9)
Yi+1
Trg1 = Poxy g (55) (4.10)
This algorithm is sometimes known as Bregman iterations (see e.g. [29]). Taking ¢* to

be the half-squared k-support norm, as described above, we get the following algorithm:

Yir1 = Y — eV () (4.11)
Yy
L1 = prOX%s(H.Hip)?( t(;rl) (4.12)

We can now describe a few properties of such an algorithm above:

e The iterates x; may not be sparse anymore: the operator prOX%(H,Hzp)g(ytgl) can be
seen as a relazed version of hard-thresholding.

e 4.7 and 4.8 are characteristic equations of dual averaging algorithm, since (|| - [|;¥)* +
(|l - 113) is strongly convex, cf. Definition 4 in [$0]. Therefore such algorithm is a
vanilla dual averaging algorithm, and as such, will minimize f if f is convex, which
will not result in a sparse output of the algorithm in general (unless for instance when
f admits a unique sparse minimizer).

e However, for overparameterized linear models, mirror descent (which is similar to
dual averaging, see also [30]) is known to have an implicit bias [09], which can be
sparsity enforcing for instance if the regularizer used is sparsity enforcing, see for
instance [29]. Therefore such an algorithm above based on the k-support norm could
still be useful to enforce some sparsity of the solution, in some cases.

In the next section, we will follow the recommendation from the last item above, and
analyze a simpler case of the algorithm above, where f is taken as a quadratic function,
and where the problem we seek to solve is the problem of sparse recovery. We will use an
iterative regularization methods (see e.g. [99, 105]), which is a method similar to Bregman
iterations as above, but with an early stopping stage, and which is known to have specific
sparsity guarantees for the returned solution (hence their applicability for sparse recovery),
as we seek. We will solve the following problem: we assume that we observe data of the
following form, where X denotes a sensing matrix, y° is a vector of noisy observations, w*
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denotes the true sparse model which we wish to recover, and € denotes a vector of noise, of
magnitude bounded by ¢ > 0:
Y’ = Xw" +e, (4.13)

with [|e]| < 0. (4.14)

In the above problem, we wish to recover w*. To that end, we will seek to solve the following
problem:
min R(zx) s.t. Xw = y°, (4.15)

with R(w) = F(w) + &[Jw|,” with F(w) = 52(||w|/{)?. As mentioned above, we will
solve this problem with a specific instantiation of the algorithm from [99], and which will be
similar to an accelerated version of the Bregman Iterations algorithm with k-support norm
described above. We now describe our full algorithm and setting in the sections below,
which are based on our paper [44].

4.2 Introduction

Sparse recovery is ubiquitous in machine learning and signal processing, with applications
ranging from single pixel camera, to MRI, or radar!. In particular, with the ever-increasing
amount of information, real-life datasets often contain much more features than samples:
this is for instance the case in DNA microarray datasets [03], text data [35], or image data
such as fMRI [16], where the number of features is generally much larger than the number
of samples. In these high-dimensional settings, finding a linear model is under-specified,
and therefore, one often needs to leverage additional assumptions about the true model,
such as sparsity, to recover it. Usually, the problem is formulated as follows: we seek to
recover a sparse vector w* € R from its noisy linear measurements

Y’ = Xw" +e€ (4.16)

Here, 9’ is a noisy measurement vector, i.e. a noisy version of the true target vector
y = Xw*, X = [z,,...,x4 € R™? is a measurement matrix, also called design matrix,
€ € R" is some bounded noise (||€]|2 < ¢, with 6 € R ), and w* is the unknown k-sparse
vector, i.e. containing only k£ non-zero components, that we wish to estimate with a
vector w obtained by running some sparse recovery algorithm on observations y? and X.
Unfortunately, this problem is NP-hard in general, even in the noiseless setting [107].

However, most of those iterative methods are based on the ¢; norm which requires
restrictive applicability conditions and could fail in many cases. We discuss such related
works in more details in the next section. Therefore, achieving sparse recovery with iterative
regularization methods under a wider range of conditions has yet to be further explored.

To address this issue, we propose a novel iterative regularization algorithm, TRKSN,
based on the k-support norm regularizer rather than the ¢; norm. That norm was first

LAn introduction to this topic, as well as an extensive review of its applications can be found in [57]
and [150].
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introduced in [3], as a way to improve upon the ElasticNet for sparse prediction. More
precisely, we plug the k-support norm regularizer, for which there exist efficient proximal
computations |3, 102], into the primal-dual framework for iterative regularization described
in [99].

We then provide some conditions for sparse recovery with IRKSN, and discuss on a
simple example how they compare with traditional conditions for recovery with ¢; norm
regularizers.

More precisely, we elaborate on why such specific conditions include cases that are not
included in some usual sufficient conditions for recovery with traditional methods based
on the ¢; norm (see Figure 4.2) (we describe such conditions for recovery with ¢; norm in
more details in Assumption 14). Since those types of conditions are still slightly opaque to
interpret, we do as is common in the literature (such as in |78, 165]), namely, we discuss
and compare those solutions with the help of an illustrative example. We also give an
early stopping bound on the model error of IRKSN with explicit constants, achieving the
standard linear rate for sparse recovery.

Finally, we illustrate the applicability of IRKSN on several experiments, including a
support recovery experiment with a correlated design matrix, and show that it allows to
identify the support more accurately than its competitors.

Contributions. We summarize the main contributions of our paper as follows:

1. We introduce a new algorithm, IRKSN, which allows recovery of the true sparse vector
under conditions for which some sufficient conditions for recovery with ¢; norm do
not hold. We discuss the difference between those conditions on a detailed example.

2. We give an early stopping bound on the model error of IRKSN with explicit constants,
achieving the standard linear rate for sparse recovery.

3. We illustrate the applicability of our algorithm on several experiments, including a
support recovery experiment with a correlated design matrix, and show that it allows
support recovery with a higher F1 score than its competitors.

4.3 Preliminaries

Notations. We first recall a few definitions and notations used in the rest of the paper.
We denote all vectors and matrices variables in bold font. For S C [d], S denotes [d] \ S.
For any matrix M € R™¢ m, denotes its i-th column for s € N, M T its transpose, M its
Moore-Penrose pseudo-inverse [62], || M || its nuclear norm, and Mg its column-restriction
to a support S C [d], i.e. the n x |S| matrix composed of the |S| columns of M of indices
in S. For a vector w € R?, supp(w) denotes its support w, that is, the coordinates of the
non-zero components of w, w; denotes its :-th component, |w|f denotes its i-th top absolute
value, and ||w|| denotes its /5 norm.
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METHOD CONDITION ON X BOUND ON || — w*|| COMPLEXITY

IHT [20] RIP 0(6) O(T)
LAsso [139]  max |[(X Lay, sgn(w))| < 12 0(5) O(AT)

Les
ELASTICNET - - O(AT)
[165]
KSN pPEN. [3] - - O(AT)
OMP [141] RIP 0(5) O(k)

i Iy e (0,1]: Xd&Xs>nylga klogd
SRDI [118 O/ Eordy (1) o(T
[l {3776(0,1): I XsX o <117 ( w) @)

IROSR [145] RIP O(oy/Foady (1) O(T)
IRCR [107] I?Eaxu XLy, sgn(w))] < 12 0(9) O(T)
IRKSN max |<Xsiltg, wy)| < 0(9) o(T)
(OURS) tes .

IJ.Igg\(ngj,wsH

Table 4.1: Comparison of the existing algorithms for sparse recovery in the literature,
including conditions on X and w* sufficient for recovery. T' is the number of iterations
each algorithm is ran for, and A is the number of values of A that need to be tried out (for
penalized methods). () assuming e ~ N(0,0%). @): Additionally, Xg should be injective.

" usc T

/ Lasso, IRCR \
(k- ch

/ ‘\\FOSR\ ]

% ‘ { (3Kk-G}-RIP | ,‘

\'"T//

Figure 4.2: Conditions for recovery in various settings: 11SC corresponds to the condi-
tion max,cg |(X L, sgn(w}))| < 1. “ours” denotes the condition max,cg [(X L, wE)| <
minjes [(Xa;, wE)|. ¢ denotes some constant in [0, 1]. Here 3k-RIP is shown for indicative
purposes, corresponding to the condition for IHT as described in [20]. As we can see, for
some cases (in blue), only IRKSN (our algorithm) can provably ensure sparse recovery.

More generally ||w||, denotes its £, norm for p € [1,400), and ||w||y denotes its number
of non-zero components. wg € R* denotes its restriction to a support S of size k, that is,
the sub-vector of size k formed by extracting only the components w; with ¢ € S. sgn(w)
denotes the vector of its signs (with the additional convention that if w; = 0, sgn(w); = 0).
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Related works. Due to the NP-hard nature of sparse recovery, existing methods are
known to suffer either from restrictive (or even unknown) applicability conditions, or high
computational cost. Amongst those methods, a first group of methods can achieve an
exact sparsity k of the estimate w: Iterative Hard Thresholding [20] returns an estimate w
which recovers w* up to an error ||[w — w*|| < O(0), if the design matrix X satisfies some
Restricted Isometry Property (RIP) [20]. However, as mentioned in [76], this condition is
very restrictive, and does not hold in most high-dimensional problems. Greedy methods, such
as Orthogonal Matching Pursuit (OMP) [111], also can return an exactly k-sparse vector,
and bounds on the recovery of a (generalized version of ) OMP, of the type ||w —w*|| < O(9),
can be found for instance in 1158, under some RIP condition.

A second set of methods for sparse recovery solve the following penalized problem:
(P) : min || Xw — 9°||> + AR(w) (4.17)

Where R is a regularizer, such as the ¢; norm as is done in the Lasso method [139], and A
is a penalty parameter that needs to be tuned. For a given A, (P) is usually solved through
a convex optimization algorithm, and returns a solution w of (P), as an estimate of w*.
Amongst those, one of the most important algorithms for sparse recovery, the Lasso [139],
has been proven in [65] to give a bound ||w — w*|| < O(d) under the so-called source
conditions (described in Condition 4.3 from [65]) which are implied by the following more
intuitive conditions: Xy is injective, and max,cg |(Xa,, sgn(ws))| < 1 (we detail this
implication in Assumption 14). Following the Lasso, the ElasticNet was later developed to
solve the problem of a design matrix with possibly high correlations. However, although
some conditions for statistical consistency exist for the ElasticNet [78], to the best of
our knowledge, there is no model error bound (and conditions thereof) for recovery with
ElasticNet. Finally, the k-support norm regularization has also been used successfully as a
penalty [3], with even better empirical results than the ElasticNet, but no explicit error
bounds on model error (and the conditions thereof) currently exists: indeed, their work was
mostly focused on sparse prediction and not sparse recovery. Efficient solvers have later
been derived for the Lasso using for instance coordinate descent and its variants [19,53].
However, even with efficient solvers, these penalized methods need to tune the parameter A,
which is very costly.

Recently, iterative regularization methods have emerged as a promising fast approach
because they can achieve sparse recovery in one pass through early stopping, rather than
the tedious grid-search used in traditional methods. They solve the following problem

(I): H}li)n R(w)
st. Xw=1° (4.18)

An iterative algorithm is used to solve it, and returns some w to estimate w*. Importantly, w

is obtained by stopping the algorithm before convergence, also called early stopping. One of
the first amongst these methods, SRDI [118], achieves a rate of || —w|| < O(oy/™%29) with

n

high probability, assuming ¢ o~ N(0,0), and two conditions: (1) Iy € (0,1]: XJ Xg >
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nyI,q (Restricted Strong Convexity) and (2) 3 € (0,1) : || XX %|lse < 1—7. IROSR [147]
uses an iterative regularization scheme that is based on a reparameterization of the problem

(I). They prove a high probability model consistency bound of ||w — w*|| < O(c/£%%),

assuming the ((k+ 1, ¢)-RIP for some constant c¢(k, w*, X, ¢€). Similar to their work is [162]:
under similar conditions, they also obtain a similar rate. Finally, [105] provide bounds of
the form ||w — w|| < O(6), under the same source conditions as in [65].

However, most of those iterative methods are based on the ¢; norm which requires
restrictive applicability conditions and could fail in many cases. Indeed, in those cases,
the conditions for recovery with the methods described above (e.g. RIP, or the sufficient
conditions for recovery with Lasso that we discussed above) do not hold anymore. For
instance, in gene array data [165], it is known that many columns of the design matrix are
correlated, and that RIP does not hold. It is therefore crucial to come up with algorithms
for which recovery is provably possible under different conditions, which we tackle in this

paper.

k-support Norm Regularization. We now introduce the k-support norm, which is the
main component of our algorithm, as well as its proximal operator. The k-support norm

was first introduced in [3], as the tightest convex relaxation of the intersection of the ¢y ball
and the ¢y ball. It was later generalized to the matrix case [100,102], as well as successfully
applied to several problems, including for instance fMRI [16,60]. We give below its formal

definition, with the following variational formula from [3]:

Definition 15 ( [3,101]). Let k € {1,...,d}. The k-support norm || - ||;* is defined, for
every w € R?, as:

|wl[}” = min { S lvrlly - vr € RY supp (vy) C 1,

I1€Gy

Zv; :w} (4.19)

I1€Gy

where Gy denotes the set of all subsets of {1,...,d} of cardinality at most k.

In other words, the k-support norm is equal to the smallest sum of the norms of some
k-sparse atoms (the y; above) that constitute w: as studied in [37], the k-support norm is
indeed a so-called atomic norm. One can also see from this definition that the k-support
norm interpolates between the ¢; norm (which it is equal to if £ = 1) and the ¢, norm
(which it is equal to if £k = d). As discussed in [3], another interpretation of the k-support
norm is that it is equivalent to the Group-Lasso penalty with overlaps [75], when the set of
overlapping groups is all possible subsets of {1, ...,d} of cardinality at most k. Finally, we
introduce the proximal operator [121] below, that will be used in our algorithm:

Definition 16 (Proximal operator, [121]). The prozimal operator for a function h : R* — R
is defined as:

1
prox,(z) = argmin h(w) + §||'w — z|I3 (4.20)
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A closed form for the proximal operator of the squared k-support norm was first given
in [3], and more efficient computations have been found e.g. in [102], which we will use in
IRKSN, as described in Section 4.6.5.

4.4 The Algorithm

In this section, we describe the IRKSN (Iterative Regularization with k-Support Norm)
algorithm. It is based on the general accelerated algorithm from [99], in which we plug a
regularization function based on the k-support norm. More precisely, [99] describe a general
regularization algorithm for model recovery based on a primal-dual method, and an early
stopping rule. As they do, we will solve the following problem approximately (i.e. with
early stopping):

(Iys) : min R(w)

w

st. Xw=1y° (4.21)

with a specific regularizer that we introduce: R(w) = F(w) + %HwHQQ with F(w) =
L2 (|Jwl;¥)?, for some constant 1 > a > 0 which will be described later. The algorithm
that we will use to solve approximately (Is) is the Accelerated Dual Gradient Descent
(ADGD) described in [99], which is an accelerated version of a primal-dual method that is
known in the literature under many names, and that comprises the following steps, with ~
being some learning rate, and v, being a dual variable:

# primal projection step

W, < prox,-1p(—a 1 X o)

# dual update step

Vpy1 O +y(Xwy — y°)

The method above is most commonly known in the signal processing and image denoising
literature as Linearized Bregman Iterations, or Inverse Scale Space Methods [32,118]. In the
optimization literature, it is mostly known as (Lazy) Mirror Descent [27], also called Dual
Averaging [111,151]. The main idea in [99] is to early stop the algorithm at some iteration
T, before convergence. We present the full accelerated version, IRKSN, in Algorithm 10.

Algorithm 10: IRKSN
Input :9g=2-1=2%2eR? y=0a|X| 2 0 =1
fort=0 toT do
w; <+ proxa 1 F (—oleTzAt) 7 < proxa ' F (—oleT’f)t)
B 0t (XP = ) O (14 T+ 467) /2

~ ~ 0, — ~ ~
Ot +1 =2t + 9 (2t — 2t — 1)

end
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4.5 Main Results

In this section, we introduce the main result of our paper, which gives specific conditions
for robust recovery of w*, and early stopping bounds on ||w; — w*|| for IRKSN.

4.5.1 Assumptions

We will present several sufficient conditions for recovery with the k-support norm, which
are similar to the sufficient conditions needed for ¢;-based recovery that we describe in
Assumption 14 (we will then elaborate on the differences between such conditions). The
first assumption below is a variant of the usual feasibility assumption of the noiseless
problem [55]: it simply states that w*, the true model that we wish to recover, is a feasible
solution of the noiseless problem, and that it is k-sparse. Additionally, if several feasible
solutions of same support than w* exist, w* should be the smallest norm one (we will
elaborate on such condition in this section). Recall from the Introduction that y is the true
target vector, i.e. uncorrupted by noise.

Assumption 12. w* is k-sparse of support S C [d|, and is a solution of the system
(L) : Xw =y. In addition, w* is the smallest {5 norm solution of (L) on its support, that
18, w* 1s such that:

wy = i z 4.22
s=arg  min |z (4.22)

We now provide our main assumption, which is intrinsically linked to the structure of
the k-support norm, and which is, up to our knowledge, the first condition of such kind in
the sparse recovery literature.

Assumption 13. w* verifies:

max (X, wh)| < min |(X}a;, w5)| (4.23)
les JES

Up to our knowledge, we are the first to provide such assumptions for recovery with a
k-support norm based algorithm: although [37] proposed a k-support norm based algorithm
and corresponding conditions for recovery, those conditions only apply in the case of a
design matrix X with values which are i.i.d. samples from a Gaussian distribution.

4.5.2 Discussion on the Assumptions

In this section, we attempt to interpret the assumptions above in simple terms, and to
compare them to some similar sufficient conditions for recovery with ¢; norm. More precisely,
the condition below implies Condition 4.3 from [65], which latter is shown in [65] to be
a necessary and sufficient condition for achieving a linear rate of recovery with ¢; norm
Tikhonov regularization. We prove such implication in Section 4.6.2.
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Assumption 14 (Recovery with ¢; norm.). Let w* be supported on a support S C [d]. w*
s such that:

(i) Xw* =y
(i) Xs is injective
(iii) maxes [(Xhae, sgn(ws))| < 1

Below, we now compare this assumption to ours.

The min /; norm solution. In our Assumption 12, the minimum /¢ norm condition is
actually not restrictive, compared to Assumption 14: indeed, in Assumption 14 Xg needs
to be injective, which implies that there needs to be only one solution wg on S such that
Xsw: = y: we can also work in such situations, but we also include the additional cases
where there are several solutions on S (we just require that w* is the minimum norm one)
: Xg does not need to be injective in our case. Importantly we can deal with cases with
n < k, when Lasso (and /; iterative regularization methods) cannot (that is, we can obtain
recovery in a regime where the number of samples n is even lower than the sparsity of the
signal k). Note that for the Lasso, the condition n > k is even necessary: indeed, when
n < k, the Lasso is known to saturate [165] and recovery is impossible: interestingly, there
is no such constraint when using a k-support norm regularizer (similarly to recovery with
ElasticNet).

Dependence on the sign. As we can observe, Assumption 14 is verified or not based
on sgn(wy). This implies that irrespective of the actual values of w*, recovery will be
possible or not only based on sgn(wy). On the contrary, our Assumption 13 depends on
w* itself.

Case where Xj is injective. In the case where Xy is injective (as will happen
in most cases in practice when n > k, i.e. unless there is some spurious exact linear
dependence between columns), it is even easier to compare Assumptions 13 and 14. Indeed,
since in that case we have that Xg is full column rank, we then have : X;X g = Iy
Therefore, Assumption 13 can be rewritten into: max,eg |[(Xiae, wi)| < minjeg [w?], which
is equivalent to:

w
max |(Xfax, ——)| < 1 (4.24)
€5 mineg |w
Therefore, we can notice that if w§ = vsgn(wy) for some v > 0 (that is, each component of

w have the same absolute value), both Assumptions 13 and 14 become equivalent (because
then: ﬁf‘l@l = sgn(wy)). However, the two conditions 13 and 14 may differ depending
on the relative magnitudes of the entries in w§. In particular, it may happen that our
Assumption 13 is verified even if the Assumption 14 is not verified. We analyze such an

example in Example 1.

4.5.3 Early Stopping Bound

We are now ready to state our main result:
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Theorem 10 (Early Stopping Bound). Let § € ]0,1] and let (w;)ien be the sequence
generated by IRKSN. Assuming the design matrix X and the true sparse vector w* sat-
isfy Assumptions 12 and 13, and with o < p— with 1) := minjes (X X&)y, ;)| —
max,cg [(Xs X )y, z)|, we have for t > 2:

|l — w*||o < atd + bt ! (4.25)
2/ X||[(X ) Tw?
with a=4|X|"" and b= AXINXs '] (4.26)
a
In particular (if § > 0), with ts = [e¢d~Y/%], for some ¢ > 0:
|y — w* |2 < (alc+ 1) + be )52 (4.27)
Proof. Proof in Section 4.6.3. m

Discussion. We can notice in Theorem 10 above that b is large when « is small: therefore,
if the inequality in 13 is very tight, as a consequence, o will need to be taken small, and b
will become large. Therefore, we can say that the larger the margin by which Assumption
13 is fulfilled is, the better the retrieval of the true vector w* is (because the larger we can
choose «).

4.6 Proofs of the Main Results

4.6.1 Notations and Definitions

First, we describe some of the notations that will be used in this Section. [v]|g denotes the
restriction of a vector v to the support S, [v]; denotes its i-th component, M " denotes the
transpose of a matrix M, and M denotes the Moore-Penrose pseudo-inverse of M [62].
I, denotes the identity matrix in R™". [d] denotes the set {1, ...,d}, and [¢] denotes the set
of all the sets of k elements from {1,...,d}. S denotes the complement in [d] of a support S,
that is, all the integers from [d] that are not in S. df denotes the subgradient of a function
f [127]. conv(A) denotes the convex hull of a set of vectors A C R (that is, the set of all
the convex combinations of elements of A). We then introduce the following definitions:

Definition 17 (Legendre-Fenchel dual [127]). For any function f : R* — R U {—o0, +00},
the function f*:R? — R defined by

[ y) = Sgp{@, w) — f(w)} (4.28)

is the Fenchel conjugate or dual to f.

Definition 18 (hard-thresholding operator [20]). We define the hard-thresholding operator
for all z € RY as the set myr(z) C R? below:

. 2
z):=a w—z 4.29
Tar(2) 1= arg wera T | 2 (4.29)
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Remark 17. wyr(z) keeps the k-largest values of z in magnitude: but if there is a tie
between some values, several solutions exist to the problem above, and the set Ty (z) is not
a singleton.

Example 2. With k =1: mg7r((2,1)) = {(2,0)} and 75r((2,2)) = {(2,0),(0,2)}
Definition 19 (top-k norm). We define the following top-k norm || - ||, for all w € R%:
lwllw) = |75 (w)]l2 (4.30)

Where m30(w) denotes any element from wyr(w) (since they all have the same norm). In
other words, ||w||x) is the {3 norm of the top-k elements from w.

4.6.2 Recall on the Conditions for Recovery with /; Regularization

In this section, we briefly recall a conditions for sparse recovery with ¢; norm regularization
from [65], and why it is implied by Assumption 14. The authors of [65] proved in their
Theorem 4.7 that such Assumption 15 below is a necessary and sufficient condition for
achieving a linear rate of convergence for Tikhonov regularization with a priori parameter
choice. We present below such condition 15.

Assumption 15 (Cond. 4.3 [67]).
1. w* solves the equation Xw =y

2. Strong source condition: There exist some X € R™ such that :
(1): X' A€ 0| |1(w*) and (i): |(x;,A)| <1 for i¢ supp(w®) (4.31)
where supp(w*) is the support of w* (that is, the set of the coordinates of its nonzero
elements)

3. Restricted injectiity: The restricted mapping X gppw+) 1S injective.

We now show that this Assumption 15 is implied by Assumption 14:
Lemma 19. Assumption 1/, —> Assumption 15.

Proof. Assume Assumption 14, and take A = (X©)Tsign(w%). We now have the
following equality (A): XA = X J(X %) Tsign(ws) = (X X) sign(w) @ sign(wy) =
(0] - |1 (w*)]s where (a) follows by property of the pseudo-inverse and the fact that Xg is
injective (and therefore full column rank).
Additionally, from condition 3 in Assumption 14, we have:
max [ (X Le,, sgn(ws))| <1 = max [(x,, (XL) Tsgn(w}))] <1 = max |(z, A)| < 1
(s (s

tes
(4.32)
This inequality above corresponds to (ii) from the strong source condition above (15 (2.

(ii))). Therefore, (since that last inequality also implies that for all i & S, (xy, A) € [—1,1] =
0| - |l1(w*)];, which, combined with (A) implies 15 (2. (i)), we finally have that this A
verifies the existence conditions from 15.

O
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4.6.3 Proof of Theorem 10

Proof of Theorem 10. Theorem 10 follows by combining Lemma 20 with Theorem 11 from
[99]: in particular, when plugging from Lemma 20 the value (denoted by A* in Lemma 20
(2)) of the solution of the dual problem of equation 4.34, (denoted by v* in Theorem 11)
we obtain:

o | = (X4 (4.33)

[]

Lemma 20. Under Assumptions 12 and 13, we have, with X\* := —(X & )1w}:
(1) —XT"A* € OR(w*)
(2) X* is solution to the dual problem of the noiseless problem below:
(Ixs-noiseless) : min R(w)
st. Xw=y (4.34)

Proof. Proof of (1):

We start by re-writing the condition —X "X € dR(w*) (for any given A) into a form
easier to check:

First, recall that R(w) = 152 ||wl|{** + &||w]|»>. We then have, for any X € R™:

(XX € OR(w")} —> {(1— a)@(%” w3 —X A —aw'}  (43)
L (- a)w €A1 IR~ XTA— 0w’ )} (436)
& 11— a)w* € conv(mar(—XTA — aw*))} (4.37)

Where (a) follows from Proposition 3 and Corollary 7, and (b) from Lemma 21.
Let us now define A* := —(XJ)Tw}%. We then have:

conv(mgr (=X " A — aw*)) = conv(ryp(X (X $) wh — aw®)) (4.38)
We now use the fact that :
(A) maxyes |<X;xg,wj§)| < minjeg |<X§a:j,wj§>|

(B) 0 < q < minses (Xhes )l -maxes [(Xlorws)

llw*lloo
10)

(from the choice of a described in Theorem
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Which implies, for all ¢ € S, that:

X (X5) ws — aw'[; > [| X(Xg) ws| - law|l;
| fwil]i — af|w*);
|

)
> [ X (X)) wgl]i — afw|
(Xs)

X ) wl]i — min [(Xha;, wg)| + max | (XTa,, )]
jes tes

= max[| X (X ) w — aw*|], (4.39)

Where (a) follows from the reverse triangle inequality, (b) follows from (B), and (c) follows
from the fact that the support of w* is S (so: Vj € S: wj = 0).

Therefore, for all i € S, ¢ € S:

X (Xg)'ws — aw|l; > [|X(Xg) wg — aw"[], (4.40)

This allows us to simplify equation 4.38, given that the hard-thresholding operation
selects the top k-components of a vector (in absolute value), and using the fact that we
assumed that S is of size k (i.e. |S| = k) (so the conv operation disappears here because
since the inequality above is strict, there are no “ties” when computing the top-k£ components
(in absolute value); in other words, the convex hull of a singleton is that singleton itself):

Therefore, for all i € [d]:

. . (s, (XD TwE) —aw} if i€S
conv (mpr (=X TA* — aw®))]; = { N ;‘6 gs
[ (@ (XD Xly) - awp it i€ S
Lo if ieS
@ [ [(Xiyli—ow; if i€S
L0 if ieS
® [ w—aw; if 1€S
10 if ieS
[ l-—a)w; if ieS
{ 0 if i€8 (441)

Where (a) follows from the following property of the pseudo-inverse for a matrix M,
applied to M = XJ: MMT(M")" = (M ")!. (This property can be understood using
the Singular Value Decomposition (SVD) expression for the pseudo-inverse [62]: with M =
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UDV', we have: MM'(M")! = UDV'VD'U'UD'VT =UD'VT = (M")"),
and (b) follows from the fact that w* is the min ¢, norm solution on its support S (as we
assumed in Assumption 12), so Xy = w (II1, 2, Corr. 3, [17], [123]).

Therefore, aggregating equation 4.41 for all indices, we finally obtain:
conv (mpr(—X 'A* — aw*)) = (1 — a)w* (4.42)

That is, A* verifies equation 4.37.

So to sum up, under Assumptions 13 and 12, we have that, for A* := —(XJ ) w}:
—~ X "X\* € OR(w™).

Note: In addition, since equation 4.37 is equivalent to equation 4.35, plugging that
value of A* into equation 4.35 we also have:

(1- a)a(%ll ) (w") 2 XT(X§) wg - aw” (4.43)

(This latter equation will be useful in the proof of (2) below)
Proof of (2):

We now turn to proving the second part (i.e. (2)) of Lemma 20.

As described in [99], the dual problem of equation 4.34 can be written as (see e.g.
Definition 15.19 in [10]):
min R*(—X "v) + (y,v) (4.44)

where R* denotes the Fenchel Dual of R (see Definition 17 ).
Let us define, for all v € R™: f(v) = R*(—X "v)

The first order optimality condition of problem equation 4.44 can be written as:
df(v) +y>0 (4.45)

Which is equivalent to:
—0f(v)>y (4.46)

Therefore, if we find v such that the expression above is verified, then that v is solution
of equation 4.44.

Now, from Theorem 23.9 in [127], we have that: —XOR*(—X "w) C df(v) (that is, the
subgradient verifies a similar chain rule as the usual gradient, in one direction of inclusion).

Note now that since R is a-strongly convex (due to the squared ¢ norm term), R* is
differentiable and a-smooth [31] and therefore, its gradient is well defined, so we can rewrite
OR* into VR* (the subgradient is a singleton).

Now, take v* := —(XJ ) w}.
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Let us compute VR*(—X Tv*) = VR*(X T (X d)Tw}).
Let us denote z := VR*(X T(XJ)fw?¥). From 3, we have the following equivalences:
X T (X)) ws € 0R(2)
1
= XT(XJ)'wj e (1-0)d| [)(2) + 0z

= XT(X])wh— az € (1 - )2 7)) (4.47

Now, we know from equation 4.43 that taking z := w™ satisfies expression equation 4.47.
Therefore: VR*(—X Tv*) = w*

Now, we can see that the proof is complete, since we know from Assumption 12 that
y = Xw*. So using the above, we have:

y=Xw"'= XVR(-X"v") € {XVR (- X "v")} = XOR* (- X "v*) C —0f(v")

(4.48)

So to sum up, we have that: y € —9f(v*), which means that v* = —(XJ)Tw? is solution
of the dual problem of equation 4.34.

]

Theorem 11 ( [99]). Let 6 € ]0,1] and let (w;)ien be the sequence generated by ADGD
(cf. [99]). Assume that there exists X € R™ such that —XTX € OR(w*). Set a = 4|| X!
and b = 2| X||||v*||/a, where v* is a solution of the dual problem of equation 4.34. Then,
for every t > 2,

|, — w*| < até + bt~ (4.49)

In particular, choosing ts = [cd~'/?] for some ¢ > 0,
|, — w*|| < [a(c+ 1)+ bc_l]dl/z. (4.50)

Proof. Proof in [99] O

4.6.4 Useful Results

Here we present some lemmas and theorems that are used in the proofs above:

Theorem 12 (Corollary 4.3.2, [3]). Let fi,..., fm be m convex functions from R? to R and
define

f=max{fi, ..., fm} (4.51)

Denoting by I(w) :={i : fi(w) = f(w)} the active indez-set, we have:
Of (w) = conv(U0fi(w) : i € I(w)) (4.52)
Proof. Proof in [3]. O
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Lemma 21 (Subgradient of the half-squared top-k norm). Let n be the (half-squared) top

k-norm: n(w) =1 |'w||?k) We have:

on(w) = conv(ryr(w)) (4.53)

Proof. Let us denote each possible supports of k coordinates from [¢] by Z; for i =1, ..., (Z)
The top-k norm can be written as follows:

n(w) = maxn;(z) = max{n;(w), ..., n(d)(w)} (4.54)

7 k

where each n; = 3|lwz,||3, with wz, the thresholding of w with all coordinates not in Z;
set to 0. Let us denote, for a given w € R, TI(w) C [¢] to be the set of supports such
that for any j € II(w): n;(w) = n(w). In other words, II(w) denotes the active index set
described in Theorem 12. Those supports are those which select the top-k components of
w in absolute value (several choices are possible). In other words:

mar(w) = {wz, : j € H(w)} (4.55)

Now, we know that for all 7 € (Z), n; is differentiable, since n; is simply the half squared /£
norm of the thresholding of w on a fixed support Z;. Since it is differentiable, its subgradient
is thus a singleton composed of its gradient: On;(w) = {Vn;(w)} = {wz,}.

Therefore, from Theorem 12, we have:

Of (w) = conv(V fi(w) : i € I(w)) = conv(wg, : j € II(v)) = conv(myr(w))  (4.56)

O
Proposition 3 (Proposition 11.3, [127]). For any proper, lsc, convex function f, denote by
[* its Fenchel dual defined above in 17. One has Of* = (0f)~' and Of = (0f*)".
Proof. Proof in [127]. O
Lemma 22 (Fenchel conjugate of a half squared norm [21] Example 3.27, p. 94). Consider
the function f(w) = 3|lw||?, where || - || is a norm, with dual norm || - ||.. Its Fenchel
conjugate is f*(w) = 3 |lw]|?.
Proof. Proof in [21]. O
Lemma 23 (Dual of the k-support norm, [3], 2.1). Denote by (|| - ||)« the dual norm of a
norm || - ||. The top-k norm (see Definition 19) is the dual norm of the k-support :
U1 =1 Ny (4.57)
Corollary 7.
1 Sp2 * 1 2
G- 17 = 21 (4.58)
Proof. Corollary 7 follows from Lemmas 22 and 23. O
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4.6.5 Proximal Operator of the k-support Norm

In this section, we describe the method that we use to compute the proximal operator of
the half-squared k-support norm, as is described in Algorithm 1 from [102]. In our code
(available at https://github.com/wdevazelhes/IRKSN_AAAT2024), we use an existing
implementation from the modopt package [54]. Note that Algorithm 1 from [102]| was
originally described in a more general formulation, from which the algorithm described
below can be obtained by fixing a = 0, b = 1, and ¢ = k (we refer the reader to [102] for
more details on what variables a, b, and ¢ refer to).

Algorithm 11: Computation of @ = prox3| - |(k)? (w)

Input :Parameter: .
Output: x.

. d A , A
1. Sort points {al}zd = { 2 ﬂ} such that o < a®*1.; 2. Identify points o
Jj=1

=17 Y Jwyl? ]
and a'™! such that S(a’) < k and S(a'™') > k by binary search.; 3. Find o*
between o' and /™! such that S(a*) = k by linear interpolation.; 4. Compute
0;(a) := min(1, max(0, alw;| — A)) for i = 1...,d.; 5. Return z; = g?f:j\ for
i1=1...,d,;

4.7 Illustrating Example

In this section, we describe a simple example that illustrates the cases where /1 norm-based
regularization fails, and where IRKSN will successfully recover the true vector.

Example 1. We consider a model that consists of three “generating” variables
X© XM and X®@ | that are random i.i.d. variables from standard Gaussian (we denote
X© ~ N(0,1) and X ~ N(0,1) and X® ~ N(0,1)). Two other variables X and X,
are actually correlated with the previous random variables: they are obtained noiselessly,
and linearly from those, with some vectors w® and w® that will be defined below:

X® = XO 4P xO 4P x@ (4.59)

and
X = X O 1 X0 4 {0 x (4.60)

In addition, similarly, the actual observations Y are formed noiselessly and linearly from
(X© xM X@) for some vector w®):

Y = w XO 4 xO ) x@ (4.61)

A graphical visualization of this construction can be seen on Figure 4.3. More precisely, we
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define the vectors w®, w™® and w® are defined as follows:

9/11 1/3 1
6/11 14/15 1
w® = |2/11| ,w® = | 2/15 | ,w® = |—4] . (4.62)
0 0 0
0 0 0

We will generate such a dataset with n = 4: so the dataset will be composed of 4 samples of
X0 xM x@ X X® which form the matrix X € R*®, with X = [z, 21, T2, T3, 4]
and 4 samples of Y, which form the vector y € R?. In our case, we have S = supp(w®) =
{0,1,2}, and therefore we just ensure that Xg = [, T, x2] is full column rank (which
should be the case with overwhelming probability since those three first vectors are sampled
from a Gaussian, and since we have n =4 > k = 3). Our goal is to reconstruct the true
linear model of Y, which is w® from the observation of X and y. We can easily check

Figure 4.3: X®, X® are correlated with X© X1 X

mathematically (using the closed form from the first column of Table 4.1), that this example
only verifies our condition (Assumption 13), but that it does not verify Assumption 14 (i.e.
it is in the blue area from Figure 4.2). Indeed, in that case, X is full column rank, which
implies (Xg) x3 = w® and (Xg)zy = w® [62]. We then have:

(X s, sgn(w®))] = [(w®, sgn(w®))| = 13/11 > 1 (4.63)
(X Ls, sgn(w®))] = [(w®, sgn(w®))| = 17/15 > 1 (4.64)

Therefore: max,cg |(X ha, sgn(w3))| = £ > 1 Which means that Assumption 14 is not
verified. However, on the other hand, we have:

(y) (y) 7
w w
(X s, ) )| =[(w, ,—(y)>| -1 (4.65)
min;eg |w;”’ | min;eg |w;” |
() (y) 11
w w
(XL, )l =, —— ) = (1.66)
minjeg |w;”’ | min;eg |w;” |
Therefore: max,g |(X %H = 11 < 1. Therefore, from the Section Discussion

; (
minjeg |w;
on the Assumptions, paragraph Case where Xg 1s injective, we see that our Assumption 13
is verified here.
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Comparison of the IRKSN path with Lasso. In Figure 4.4 below, we compare the
Lasso path (that is, the solutions found by Lasso for all values of the penalization \), with
the IRKSN path (that is, the solutions found by IRKSN at every timestep). For indicative
purposes, we also provide the path of the ElasticNet on the same problem in Section 4.8.2.

—

aaaaaaaaa

(a) Lasso path (b) IRKSN path

Figure 4.4: Comparison of the path of IRKSN with Lasso. w® is the i-th component of w¥),

and A is the penalty of the Lasso. We recall w(()y) = wiy) =1, wéy) = —4, wéy) = wiy) =0:

only IRKSN recovers the true w®.

(a) Model error || — (b) Model sparsity
w|| [wllo

Figure 4.5: Error and sparsity vs. number of iterations. Only IRKSN can recover the true
w® in this example.

As we can see, the Lasso is unable to retrieve the true sparse vector, for any A\. However
IRKSN can successfully retrieve it, which confirms the theory above.

In addition, this path from Figure 4.4 above illustrates well the optimization dynamics
of IRKSN: first, the true support of w®) is not identified in the first iterations. But after a

few iterations, we observe what we could call a phenomenon of exchange of variable: w(()y)

is exchanged with wgy), and later, wéy) is exchanged with w[()y) (by exchange, we mean that

at a timestep ¢, w (t) # 0 but w{¥(¢) = 0, but at timestep ¢ + 1: w¥(t + 1) = 0 and
w?(t+1) ~ wl”(t)). This can be explained by the fact that when « is small, the proximal
operator of the k-support norm approaches the hard-thresholding operator from [20]: hence
at a particular timestep the ordering (in absolute magnitude) of the components of X "2,
suddenly changes (with the components where the change occurs having about the same
magnitude at the time of change, if the learning rate is small), which results into such an
observed change in primal space. Additionally, in Figure 4.5, we run the iterative methods
from Table 4.1 (IRKSN, IRCR, IROSR and SRDI) (as well as IHT for comparison) on
Example 1, and measure the recovery error ||[w — w® || as well as the sparsity ||w]y of
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the iterates. As we can see, only IRKSN can achieve 0 error, that is, full recovery in
the noiseless setting. In addition, except IHT (which however fails to approach the true
solution), no method is able to converge to a 3-sparse solution, which is the true degree of
sparsity of the solution.

4.8 Experiments

4.8.1 Synthetic Example

Below we present experimental results to evaluate the sparse recovery properties of IRKSN.
Additional details on those experiments as well as further experiments are provided in the
Section.

Experimental Setting. We consider a simple linear regression setting with a correlated
design matrix, i.e. where the design matrix X is formed by n i.i.d. samples from d (we
take d = 50 here) correlated Gaussian random variables {X7, .., X4} of zero mean and unit
variance, such that: Vi € {1,...,d} : E[X;] = 0,E[X?] = 1; and V(4,5) € {1,...,d}* i #
J E[X;X;] = pl"=3l. More precisely, we generate each feature X; in an auto-regressive
manner, from previous features, using a correlation p € [0,1), in the following way: we
have X; ~ N(0,1) and 02 = 1 — p?, and for all j € {2,....,d}: X;41 = pX; + ¢; where
¢; = oxA, with A ~ N(0,1). Additionally, w is supported on a support, sampled uniformly
at random, of k£ = 10 non-zero entries, with each non-zero entry sampled from a normal
distribution, and vy is obtained with a noise vector € created from i.i.d. samples from a
normal distribution, rescaled to enforce a given signal to noise ratio (SNR), as follows:
= % We generate this
dataset using the make_correlated_data function from the benchopt package [106]. Such
a dataset is commonly used to evaluate sparse recovery algorithms (see e.g. [L05]), since it
possesses correlated features, which is more challenging for sparse recovery (see e.g. the
ElasticNet paper, which was motivated by such correlated datasets [165]). In addition,
the advantage of such synthetic dataset is that the support is known since it is generated,
which therefore allows to evaluate the performance of the algorithms on support recovery,
contrary to real-life datasets where a true sparse support of w is hypothetical (or at least
often unknown). Additionally, we can notice that such dataset resembles our Example
1, as some features are generated from other features. We evaluate the performance of
each final recovered model w using the F1 score on support recovery, defined as follows:
F1 = 2%{, with P the precision and R the recall of support recovery, which are defined as:
p = lsuep (‘;‘l’l;)przzlﬂp(w)l and R = |Supp|(sl:;;?$f)’f (w)l Therefore, the F1 score allows to evaluate
at the same time how much of the predicted nonzero elements are accurate, and how much
of the actual support has been found. A higher F1 score indicates better identification
of the true support. In each experiment (defined by a particular value of n, p,snr and a
given random seed for generating X, w* and €), and for each algorithm, we choose the
hyperparameters from a grid-search, to attain the best Fl-score (we give details on that

y = Xw* + € with the signal to noise ratio defined as snr
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grid in the Section). For all algorithms which need to set a value & (IRKSN, KSN, IHT), we
set k to its true value £k = 10. In a realistic use-case, since the support is unknown, one may
instead tune those hyper-parameters based on a hold-out validation set prediction mean
squared error, but tuning those hyperparameters directly for best support F1 score, as we
do, allows to evaluate the best potential support recovery capability of each algorithm (e.g.
for Lasso it informs us that there exist a certain A, such that we can achieve such a support
recovery score). Each experiment is regenerated 5 times with different random seeds, and
the average of the obtained best F1 scores, as well as their standard deviation, are reported
in Figures 4.6(a), 4.6(c), and 4.6(b), for various values of the dataset parameters, while the
others are kept fixed. In Figure 4.6(a), we take p = 0.5, snr = 1., and n € {10, 30, 50,70,90}.

0.8 0.8

<~ lasso <~ iht
<+ enet ~ irosr - 0.6
0.6 ~ irks / 0.6/ ~ ircr "
F— .= =

o . B 'ﬁ L \/’\T
0.2 Cf\/ 02{.— 0.2 srdi ~omp ksn
25 50 75 0 1 2 3 0.25 050 0.75

(a) Fl-score vs. n (¢) Fl-score vs. p

0.6

" |

§0.4 i . ]
& - irksn irosr
+0.2 ircr srdi

iht
0.0
0 10000 20000

t

(d) Fl-score vs. t

Figure 4.6: Fl-score of support recovery in various settings.

In Figure 4.6(b), we take p = 0.5, snr € {0.1,0.5,1.,2.,3.}, and n = 30. In Figure 4.6(c),
we take p € {0.1,0.3,0.5,0.7,0.9}, snr = 1., and n = 30. Additionally, we plot on Figure
4.6(d) the evolution of the F1 score along training for iterative algorithms (i.e. algorithms
where there is no grid search over a penalty A, which are IHT, IRKSN, IRCR, IROSR,
SRDI), in the case where n = 30, snr = 3, and p = 0.5.

Results. In all the experiments, as can be expected, we observe that support recovery is
more successful when the signal to noise ratio is high, the number of samples is greater,
and the correlation p is smaller (for that latter point, this is due to the fact that highly
correlated datasets are harder for sparse recovery, see e.g. [165] for a discussion on the topic).
But overall, we can observe that IRKSN consistently achieves better support recovery than
other algorithms from Table 4.1. Also, we can observe on Figure 4.6(d) that IHT and
IRKSN maintain a good F1 score after many iterations, while other methods implicitly
enforcing an ¢; norm regularization (IRCR, IROSR, SRDI) have poor F1 score in late
training.
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4.8.1.1 Additional Experimental Details

In this section, we present the hyperparameters for the experiments in the above section,
for each algorithm. First, we fix k = 10 for all algorithms that require setting a parameter
k. We run the algorithms for a maximum number of iterations of 20,000. Note that in this
synthetic experiment we do not fit the intercept or center the data since the data has 0 mean.
For THT, we search 7 in {0.0001,0.001,0.01,0.1,1.}. For Lasso, we use the implementation
lasso_path from scikit-learn [122], with its default parameters, which automatically
choses the path of A based on a data criterion. For ElasticNet, we use the implementation
enet_path from scikit-learn [I122], which similarly as above, automatically chooses the
path of A based on a data criterion. In addition, we choose the recommended values
{.1,.5,.7,.9,.95,.99, 1} of ElasticNetCV for the relative weight of the ¢; penalty. For
the KSN algorithm (i.e. linear regression penalized with k-support norm), we choose the
strenght of the k-support norm penalty A in {0.1,1.}, and we set L (which is the inverse of
the learning rate) to 1e6 similarly as in Section 4.8.4.4. For OMP, we use the implementation
from scikit-learn [122]. For SRDI, we search for the parameters x and « from [118],
respectively in the intervals {0.0001,0.001,0.01,0.1, 1.} and {0.0001,0.001,0.01,0.1,1.}. For
IROSR, we search for the parameters 1 and « respectively in {0.0001,0.001,0.01,0.1,1.}

and {0.0001,0.001,0.01,0.1,1.}. For IRCR, we set 7 and o to 20‘&”2 (in order to verify

the condition of equation (6) in [105]) similarly as in section 4.8.4.4. For IRKSN (ours), we
search « (from Algorithm 10) in {0.0001,0.001,0.01,0.1,1,10}. Our results are produced
on a server of CPUs with 16 cores the experiment takes a few hours to run.

4.8.2 Path of IRKSN vs Lasso vs ElasticNet

In this section, we plot in Figure 4.7 the path of ElasticNet (with an ¢; ratio of 0.8, i.e. its
penalty is A(0.8]| - ||; + 0.2]| - ||3)), in addition to the plot of the Lasso path and the IRKSN
path, from Section Illustrating Example. As we can see, the ElasticNet, as the Lasso, cannot
recover the true sparse vector.

4.8.3 fMRI Decoding
4.8.3.1 Setting

Data-set Construction. We consider a functional MRI (fMRI) decoding experiment,
where observations X are activity recordings (3D activity voxel maps) of fMRI for several
subjects which are presented with images of two different classes, i.e. where the observed
target y° comprises labels from the set {classl, class2} converted to -1 and 1 respectively.
It was shown experimentally in [16] that k-support norm regularization (as a penalty)
performs significantly better than Lasso on such kind of fMRI tasks: we therefore wish
to evaluate whether this is true also for iterative regularization with k-support norm. We
use the Haxby dataset |71], downloaded with the use of the nilearn package [!]. We then
prepare the data from raw recordings following closely the protocol from the fMRI example
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Figure 4.7: Comparison of the path of IRKSN with Lasso and Elasticnet.

from the package hidimstat?, choosing the neural recordings of a specific subject (subject
number 2), as they do. Once we obtain the data matrix X and target y°, we use the
algorithms from Table 4.1 to estimate the true model w*, which is an estimate of the brain
functional region associated with the true (noiseless) response variable y. Such dataset
contains 216 samples, of dimensionality 39912. We split the dataset into a training set and
a validation set, with the ratio 80%-20%: since we consider only the support reconstruction
task, we indeed do not use any test-set in this case.

Hyperparameters and Algorithms Tuning. Below we give more details on the tuning
of each algorithm. Once the dataset is prepared, we fine tune the algorithms hyperparameters
on mean squared error prediction on the validation set. The intercept of the models is
fitted separately, using the same method as in section 4.8.4.4. Additionally, we preprocess
first the data by removing features of variance 0 and centering and standardizing X, as
described in section 4.8.4.4. Additionally, since such dataset of neural images is high
dimensional, to reduce the computational cost we use sensible values for hyperparameters
whenever those are possible: for instance, for algorithms that have convergence guarantees
if the learning rate is equal to the inverse of the Lipschitz-smoothness constant (which
in our case is the squared nuclear norm of X (denoted || X|?)), we set the learning rate

2https://ja-che.github.io/hidimstat/auto_examples/plot_fmri_data_example.html
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denoted by 7 to such value. Also, for all algorithms which require setting a sparsity level
k (IRKSN, IHT, KSN, OMP), we set k = 150, which is an estimate that we considered
known a priori for the size of the function region we wish to reconstruct. Additionally,
we run all algorithms with a maximum number of iterations of 10,000. For IHT, we set
n = # For Lasso, we use the implementation lasso_path from scikit-learn [122],
with its default parameters, which automatically choses the path of A based on a data
criterion. For ElasticNet, we use the implementation enet_path from scikit-learn [122],
which similarly as above, automatically chooses the path of A based on a data criterion.
In addition, we choose the recommended values {.1,.5,.7,.9,.95,.99,1} of ElasticNetCV
for the relative weight of the ¢; penalty. For KSN penalty, we choose the strenght of
the k-support norm penalty A in {0.1,1.}, and set n = W For SRDI, we search for
the parameters k and « from [118], respectively in {0.001,0.01,0.1} and {0.001,0.01,0.1}.
For IROSR, we search for the parameters n and a respectively in {0.001,0.01,0.1} and

{0.001,0.01,0.1}. For IRCR, we set 7 and o to 20‘&”2 (in order to verify the condition of

equation (6) in [105]). For IRKSN (ours), we set « (from Algorithm 10) to 0.001, since as
recommended by Theorem 10, a smaller value of o has more chance to verify the conditions
for convergence of 10, (assuming X verifies Assumptions 12 and 13). Additionally, a smaller
« ensures that the sparsity of the iterates is closer to k sparse. Our results are produced on
a server of CPUs with 16 cores the experiment takes a few hours to run.

Post Processing. Once the estimated model w is returned by each method, we post
process w as in [10]| Section 3.2: we first compute the corresponding corrected p-values
obtained when assumed that the weights values are sampled from a Gaussian distribution

(see [10] for more details). Then, we transform those as z-value maps instead of p values
maps, and set the FWER (Family-Wise Error Rate) threshold for detection to 0.1 as is done
in [10], which is translated into a corresponding threshold for z-values using the Bonferroni

correction. We refer the reader to [10] for more details on such post-processing and the
related terminology. We then plot in Figure 4.8 the estimated functional region for all of
the methods.

4.8.3.2 Results

Visual Comparison On Reconstruction. We plot the fMRI reconstruction results
of each method on Figure 4.8, in the case where classl correspond to the class 'face’ and
class2 corresponds to the class "house’. As a comparison, we also have plotted in Figure
4.8(j) the result of the EnCluDL algorithm from [10] in the same setting, and which may be
considered as a ground truth: such method indeed uses knowledge of the spatial structure of
the voxel grid (i.e., which voxel is close to each voxel, therefore more likely to be correlated
with it), contrary to the methods considered in our paper which are blind to such structure.
As we can see, methods based on an implicit or explicit ¢; norm regularization perform
poorly, since they tend to estimate a support that is too small: indeed, methods such as the
Lasso are known to fail to select group of correlated column, and tend to select only a few
explicative features [165]. On the contrary, k-support norm regularization like IRKSN is
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able to estimate a support of larger size, which by inspection seems to be a better estimate
of the ground truth. Additionally, we can observe that even ElasticNet, which supposedly
should also be able to perform reasonably well in presence of correlated features [165], does
not seem to recover the true functional region: indeed, although its ¢; and /5 penalties are
tuned by grid-search on a validation set, it is more difficult for such method to fix a specific
sparsity k. On the other hand, methods which fix a specific k£ (IHT, KSN, IRKSN, OMP)
are advantaged. We can also notice that the solutions of IHT and IRKSN are almost the
same, and appear to be the most successful reconstruction of the active functional brain
region.

Quantitative Results. Finally, we also provide extra quantitative results in Table 4.2
below for the face/house and house/shoe data splits, in terms of |[w — w*||, where for the
ground truth w* we take the weight vector obtained by running the EnCluDL method. Note
that THT also has a good performance, but, unlike IRKSN, the theory of sparse recovery
for THT fails to explain such success since (see, e.g. [76]) the RIP property is typically not
verified for correlated data (like fMRI [106]):

Lasso ElasticNet OMP IHT KSN IRKSN IRCR IROSR SRDI

face’/’house’ .425 .349 938 2441 247 .2440 341 381 314
"house’ /’shoe’ 528 500 938 2968 .299 .2965 407  .502  .357

Table 4.2: Comparison of the algorithms on model estimation ||jw —w*|| (w*: weight vector
obtained by running the EnCluDL method).

4.8.3.3 Interpretation

Such an fMRI dataset is a real-life (non-synthetic) dataset, therefore its true data generating
process is unknown. However, we provide here some attempt to explain the success of
k-support norm regularization on such fMRI reconstruction task, in the light of our newly
derived sufficient conditions for recovery derived in the paper. More precisely, we present
below a data generating process that we believe might potentially be similar to the true
underlying data generating process of fMRI observations, and which we will show actually
verifies our Assumptions 12 and 13 for recovery with IRKSN.

Example 2: Simplistic fMRI Generating Process. For each observation 7, x;
represents the observed activated voxels from the fMRI, so we may consider that they
consist in (i) the functional region related to the noiseless target y (i.e. in this case for
instance, say, the visual cortex functional region), and (ii) some unrelated regions that are
activated for some other reasons (e.g. the functional region responsible for movement if the
subject is moving).

Therefore, we model each observation x; (i.e. row of X, seen as a column vector) as
follows:
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(i) IRKSN (j) EnCluDL

Figure 4.8: Comparison of different methods on an fMRI decoding task. Figure 4.8(j) is the
EnCluDL method from [10] which uses the additional knowledge of the spatial structure of
the voxels, and may be considered as some ground truth for the functional region to be
reconstructed.
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T, = yw" +y; (4.67)

Where w* is the true model, which support S = supp(w?*) is the true functional region
we wish to reconstruct, y; is considered to be both the noiseless target variable, but also the
variable modulating the functional region: for instance, if y; denotes the presence or absence
of an image in front of the subject, the functional region for visual stimuli will be more or
less active depending on y;, and where ~; is a variable which we consider to have a support
disjoint from supp(w™*), which denotes all the other unrelated functional region that are
active at observation i (e.g. as discussed above, which can be nonzero if the functional
region responsible for, say, movement, or some other regions, are active at the time of
measurement i). Let us also assume that the random variable associated with samples
~; are independent of the random variable associated with samples y; (this corresponds
to saying that, say, the event of moving (or any brain activation event unrelated to the
activation coming from the presentation of the image), is independent of the event of being
presented a certain image). Additionally, let us assume that ||w*|| = 1.

Since «; and w* are assumed to have disjoint support, we can therefore verify that, for
all samples i:

(@i, w*) = yil[w* [ +0 = y, (4.68)
Therefore, w* is indeed a solution of the system Xw* =1y
Also, we can write X as: X = yw*' + I', where each row i of T', seen as a column

vector, is ;, and based on the assumption above that every «; has a support disjoint from
supp(w*), we have:

* Yy *
Xs=yws' = = llylws’ (4.69)

]l

Where we can recognize on the right hand side above the SVD of X, from which we
can deduce that:

1 y'
Xl =wi— 2 (4.70)
i
Which implies
1 * *
Xly = W’wsyTZI = wg (4.71)

And therefore, wj is indeed here the minimum ¢, norm solution of the linear system
Xsw? =y, since by property of the pseudo-inverse, such minimal ¢, norm solution is quy
Combined with equation 4.68, we obtain that X, y and w verify Assumption 12. Now let
us consider some £ € S:

1 * *
X;mg = ||y||2wSyT(yW) = wywyg (4.72)
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And therefore

in (X Lz, wh)| = |wh]|* mi 4.
min [{(X 5@, ws)| = [[w]|” min jw| >0 (4.73)

Where the last inequality is strictly positive, and much greater than 0 if the smallest nonzero
value of w* is big enough (in absolute value). Additionally, on the other hand, if ¢ € S,
since we assumed that I' is composed of variables independent of y, and assuming that y
and T'; have zero mean for every £, we obtain that for large enough sample size, y 'T'; ~ 0,
and therefore we have: X;wg = m'wgyTI‘g ~ 0, and therefore,

(Xlay, ws) ~0 (4.74)
Which therefore implies that :
max (X @, wi)| ~ 0 < min (X, wg)] (4.75)

Which is our Assumption 13, and therefore, X, w* and y verify both Assumptions 12
and 13 which are sufficient conditions for recovery with IRKSN. Also note that however the
matrix Xg is not injective here therefore the sufficient Assumption 14 for recovery with ¢;
norm is not verified. Therefore, this might potentially explain the success of the k-support
norm as a regularizer in fMRI tasks, contrary to ¢; norm based recovery methods which
experimentally appear to produce worse results.

Finally, we emphasize that this is only a naive modeling of the true fMRI data, but
we believe that it may be useful to understand the success of k-support norm on such
particular tasks. It also gives more intuition on our conditions for recovery, and on which
kind of tasks k-support norm may be a useful regularizer to consider.

4.8.4 Prediction on Real Data

In this section, we run some experiments on real-life datasets to illustrate the applicability
of IRKSN on prediction problems, for various datasets. Although sparse recovery is the
primary goal of our paper, and is a goal distinct from prediction, we still find interesting
to analyze the performance of IRKSN on predictions tasks, since those also often arise in
practice.

4.8.4.1 Setting

As before, we consider the problem of sparse linear regression, where our goal is to minimize
the expected mean squared error (MSE) loss of prediction Ex y (Y — Y)Q, where Y is the
true regressed target, and Y is the predicted target, predicted linearly from the regressors
X:

d
Y = (b, X) + b= i X;+b (4.76)

i=1
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(where b is the intercept, fitted separately (see Section 4.8.4.4 for more details)), and where
w is a sparse model that we seek to estimate from a training set of n observations of X and
Y. For each run, we first randomly split the data into a training set, and a test set which
contains 25% of the data. Then, we split the training set into an actual training set and a
validation set, with the same proportion (75%/25%). Hyperparameters, including learning
rate parameters and early stopping time are fitted to minimize the MSE on the validation
set. Then the empirical MSE on the test set is reported. This procedure is repeated 10
times, and we report in Tables 4.4 and 4.5 the mean and standard deviation of that test set
MSE.

Additional details including details on the intercept and a preprocessing step, as well as
the values for the grid-search of each algorithm are described in Section 4.8.4.4. Our results
are produced on a server of CPUs with 32 cores and 126G RAM, and take 5 hours to run.

4.8.4.2 Datasets

We evaluate the algorithms on the following open source datasets (obtained from the sources
LibSVM |[35] and OpenML [1441]), of which a brief summary is presented in Table 4.3.

DATASET d n

LEUKEMIA (1) 7129 38

HOUSING (?) 8 20640

SCHEETZ2006() 18975 120

RHEE2006% 361 842
Table 4.3: Datasets used in the comparison. References: 1. [63], (2) [119], (). [131], (4). [126].
Sources: (M: [35], @) [32] downloaded with scikit-learn [122], G4 [27] .

4.8.4.3 Results

We present our results in Tables 4.4 and 4.5. Generally, we observe that for datasets with a
large d (such as leukemia and scheetz2006), ¢; based methods such as Lasso, IRCR, or
SRDI achieve poorer performance: indeed, the Lasso is known to saturate when d > n [165],
i.e. its predicted w* cannot contain more than n nonzero variables. This is not the case for
the ElasticNet and k-support norm based algorithms like IRKSN, which is why those latter
algorithms achieve a good score in this d > n setting.

Perhaps surprisingly, IROSR also achieves a good score on scheetz2006 (d >> n),
even if its reparameterization is supposed to enforce some ¢; regularization |[115]. However,
the theory in [115] holds for small initializations and specific stepsizes, so we hypothesize
that due to our grid search on the stepsize, our version of IRCR might be able to explore
regimes beyond the ¢; norm, beyond the scope of the theory in the IRCR paper. Our
results also confirm the findings from [3|, namely that the k-support norm regularization
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often outperforms the ElasticNet: this is also true for iterative regularizations using the
k-support norm (namely, IRKSN).

METHOD LEUKEMIA HOUSING

IHT 0.322 +0.137 0.535 £+ 0.011
LAsso 0.450 £ 0.204 0.535 + 0.016
ELASTICNET 0.307 +£0.154 0.540 4 0.031
KSN PEN. 0.251 £+ 0.090 0.533 = 0.009
OMP 0.730 £ 0.376 0.533 & 0.009
SRDI 0.396 £ 0.220 0.533 £+ 0.009
IROSR 0.352 £ 0.121 0.655 4+ 0.013
IRCR 0.326 == 0.102 0.534 4 0.010
IRKSN (ours) 0.264+0.091 0.538 +0.012

Table 4.4: Test MSE of the methods of Table 4.1 on the leukemia and housing datasets
(bold font: mean within the standard deviation of the best score from each column).

METHOD SCHEETZ2006  RHEE2006
IHT 0.008 £+ 0.003 0.576 +0.053
LAsso 0.012 £0.008 0.557 £ 0.049
ELASTICNET 0.009 £+ 0.004 0.541 4 0.042
KSN PEN. 0.008 £+ 0.003 0.556 +0.035
OMP 0.016 4+ 0.06 0.684 4+ 0.057
SRDI 0.018 +0.013 0.567 £ 0.043
IROSR 0.007 £ 0.003 0.583 4 0.044
IRCR 0.018 +0.013 1.389 £ 0.105
IRKSN (ours) 0.008 +0.003 0.578 4+ 0.038

Table 4.5: Test MSE of the methods of Table 4.1 on gene array datasets (scheetz2006 and
rhee2006).

4.8.4.4 Details on the Implementation of Algorithms

In this section, we present additional details on the experiments from Section 4.8.4. First,
for all the algorithms, we added a preprocessing step that centers and standardizes each
column on the trainset (i.e. substract its mean and divides it by its standard deviation),
and that removes columns that have 0 variance (i.e. column containing the same, replicated
value). We later use this learned transformation on the validation set and the test set.
In addition, we fit the intercept b of the linear regression separately, as is common in
sparse linear regression, by centering the target y before training, and then using the below
formula for the intercept:

b=7g— (X, (4.77)

187



Where 7 is the average of the target vector y, W is the final estimated model on the train set
(fitted with a centered target y — ), and X is the column-wise average of the (preprocessed)
training data matrix X. The prediction of a new preprocessed data sample ! is then
g; = (W, x}) +b.

We recode most algorithms from scratch in numpy [70], except for the Lasso, ElasticNet,
and OMP, for which we use the scikit-learn [122| implementation. For the implementation
of the proximal operator of the (half-squared) k-support norm (used in IRKSN and KSN
penalized), we use the existing implementation from the modopt package [51], that is based
on the efficient algorithm described in [102]. Below we present the grid-search parameters
for each algorithms, that allowed them to achieve a good performance consistently on all
datasets from Table 4.3. For all iterative regularization algorithms (i.e. SRDI, IROSR, IRCR,
and IRKSN), we monitor the validation MSE every 5 iterations, and choose the stopping
time as the iteration number with the best MSE. We also proceed as such for IHT, since
because we grid-search the learning rate, if that latter is too high, decrease of the function at
each step may not be guaranteed. We run each iterative algorithm that we reimplemented
(IHT, KSN penalty, SRDI, IROSR, IRCR, IRKSN) with a maximum number of iterations of
500. Finally, we release our code at https://github.com/wdevazelhes/IRKSN_AAAT2024.

IHT [20] We search k (the number of components kept at each iterations) in an
evenly spaced interval from 1 to d containing 5 values, and search the learning rate n
in {0.0001,0.001,0.01,0.1,1.}.

Lasso [139] We use the implementation lasso_path from scikit-learn [122], with its
default parameters, which automatically choses the path of A based on a data criterion.

ElasticNet [165] We use the implementation enet_path from scikit-learn [122], which
similarly as above, automatically chooses the path of A\ based on a data criterion. In
addition, we choose the recommended values {.1,.5,.7,.9,.95,.99, 1} of ElasticNetCV for
the relative weight of the ¢; penalty.

KSN penalty [3] We choose the strenght of the k-support norm penalty A in {0.1,1.},
the k (from the k-support norm) in an evenly spaced interval from 1 to d containing 5
values, and we found that simply setting the constant L from [3] (which is the inverse of
the learning rate) to 1e6 achieves consistently good results across all datasets.

OMP [111] We use the implementation from scikit-learn [122], and we search & in an
evenly spaced interval from 1 to min(n,d) (indeed, OMP needs k not to be bigger than
min(n, d)) containing 5 values.

SRDI [118] We search for the parameters  and « from [1 18], respectively in the intervals
{0.0001,0.001,0.01,0.1, 1.} and {0.0001,0.001,0.01,0.1, 1.}.
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IROSR [I115] We search for the parameters 7 and « respectively in
{0.0001,0.001,0.01,0.1, 1.} and {0.0001,0.001,0.01,0.1,1.}.

IRCR [105] For IRSR, we found that setting 7 and o to 20”‘;‘2 (in order to verify the
condition of equation (6) in [105]) consistently performs well on all datasets.

IRKSN (ours) For IRKSN, we search « (from Algorithm 10) in
{0.0001,0.001,0.01,0.1,1,10}, and k (from the k-suppo rt norm), in an evenly
spaced interval from 1 to d containing 5 values. For the RHEE2006 dataset, we found that
the hyperparameters need to be tuned slighty more to attain comparable performance with
other algorithms: the reported performance is for a = 0.6, k£ = 33, ran for 1,000 iterations.

4.9 Conclusion

In this paper, we introduced an iterative regularization method based on the k-support
norm regularization, IRKSN, to complement usual methods based on the /; norm. In
particular, we gave some condition for sparse recovery with our method, that we analyzed
in details and compared to traditional conditions for recovery with /; norm regularizers,
through an illustrative example. We then gave an early stopping bound for sparse recovery
with IRKSN with explicit constants in terms of the design matrix and the true sparse vector.
Finally, we evaluated the applicability of IRKSN on several experiments. In future works,
it would be interesting to analyze recovery with the s-support norm for general s, where s
is not necessarily equal to k: indeed, this setting would generalize both our work and works
based on the ¢; norm. We leave this for future work.
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