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Iterative Hard Thresholding

Introduction

Introduction

Sparse Optimization:

min
x∈Rd :∥x∥0≤k

f (x)
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Iterative Hard Thresholding

Introduction

Application: fMRI

x : map of functional region of the brain (d = number of
voxels)

f (x) := ∥y − Ax∥2 with
yi ∈ {−1, 1} standing for {′face ′,′ house ′} and Ai ,· being the
recorded activation map at time i .
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Iterative Hard Thresholding

Introduction

Application: Index Tracking

x : amount invested in each of d stocks

f (x) := ∥y − Ax∥2 with yi : S&P returns for day i , Ai ,j :
return of stock j on day i
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Iterative Hard Thresholding

Introduction

Application: Sparse Adversarial Attacks

Perturbation x ’bird’ ’dog’

x : perturbation of an image z
f (x) = max{Fy (clip(z + x))−maxj ̸=y Fj(clip(z + x)), 0} with
y : true class of the image, Fj : prediction score for class j
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Iterative Hard Thresholding

Introduction

The Iterative Hard Thresholding (IHT) algorithm

Algorithm 1: Iterative Hard-Thresholding (IHT)

Initialization: x0
for t = 0, ...,T do

xt+1 := Hk(xt − η∇f (xt))
end
Output: x̂T := e.g. xT or argminx∈{xi}Tt=1

f (xt)

It is a Projected Gradient Descent algorithm:
Hk(x) := miny∈B0(k) ∥y − x∥2
B0(k) := {x ∈ Rd : ∥x∥0 ≤ k}
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Iterative Hard Thresholding

Convergence Rate

Goal: Convergence Rate

Goal: Prove Convergence Rate Why ?

To make sure it does not diverge.

To have an estimate of how feasible it is for a large scale
task.

To set the hyperparameters of the algorithm properly (e.g.
η).
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Iterative Hard Thresholding

Convergence Rate

Warm Up: Convex Case

min
x∈C

f (x)

with C convex : ∀(x , y) ∈ (C)2 : λx + (1− λ)y ∈ C.

−1 1

−1

1

x

y
λx+ (1− λ)y
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Iterative Hard Thresholding

Convergence Rate

Projection onto C

3 Point Lemma:

∥x − x∗∥2 ≥ ∥ΠC(x)− x∥2 + ∥ΠC(x)− x∗∥2.

−1 1

−1

1

x

Π(x)

x∗

Proj. onto the ℓ1 unit ball.
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Iterative Hard Thresholding

Convergence Rate

Strong Convexity and Smoothness

Assumptions: strong convexity and smoothness. ∀(x , y) ∈ C2 :

f (x) + ⟨∇f (x), y − x⟩+
ν

2
∥x − y∥2 ≤ f (y) ≤ f (x) + ⟨∇f (x), y − x⟩+

L

2
∥x − y∥2

x y
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Iterative Hard Thresholding

Convergence Rate

Proof of Convergence (Convex Case)

Take η := 1
L .

f (xt) ≤f (xt−1) + ⟨∇f (xt−1), xt − xt−1⟩+
L

2
∥xt − xt−1∥2

=f (xt−1) +
L

2

∥∥∥∥xt − xt−1 +
1

L
∇f (xt−1)

∥∥∥∥2 − 1

2L
∥∇f (xt−1)∥2

≤f (xt−1) +
L

2

∥∥∥∥x∗ − xt−1 +
1

L
∇f (xt−1)

∥∥∥∥2 − L

2
∥xt − x∗∥2 −

1

2L
∥∇f (xt−1)∥2

=f (xt−1) + ⟨∇f (xt−1), x∗ − xt−1⟩+
L

2
∥xt−1 − x∗∥2 −

L

2
∥xt − x∗∥2

≤f (x∗) +
L− ν

2
∥xt−1 − x∗∥2 −

L

2
∥xt − x∗∥2
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Iterative Hard Thresholding

Convergence Rate

Proof of Convergence (Convex Case)

( L−ν
2
L
2

)T−t

[f (xt ) − f (x∗)] ≤
( L−ν

2
L
2

)T−t
L − ν

2
∥xt−1 − x∗∥2 −

( L−ν
2
L
2

)T−t
L

2
∥xt − x∗∥2

...
( L−ν

2
L
2

)T−2

[f (x2) − f (x∗)] ≤
( L−ν

2
L
2

)T−2
L − ν

2
∥x1 − x∗∥2 −

( L−ν
2
L
2

)T−2
L

2
∥x2 − x∗∥2

( L−ν
2
L
2

)T−1

[f (x1) − f (x∗)] ≤
( L−ν

2
L
2

)T−1
L − ν

2
∥x0 − x∗∥2−

( L−ν
2
L
2

)T−1
L

2
∥x1 − x∗∥2

T∑
t=1

( L−ν
2
L
2

)T−t

[f (xt ) − f (x∗)] ≤
( L−ν

2
L
2

)T−1
L − ν

2
∥x0 − x∗∥2 −

( L−ν
2
L
2

)T−t
L

2
∥xt − x∗∥2

f (xT̂ )− f (x∗) ≤ CωT
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Iterative Hard Thresholding

Convergence Rate

Non-Convex case: C is the ℓ0 pseudo-ball

∥x − x∗∥2 ≥ ∥Hk(x)− x∥2 +
(
1−

√
k∗

k

)
∥Hk(x)− x∗∥2.

x∗ ∈ B0(k∗), k∗ ≤ k

−1 1

−1

1

x

Π(x)

x∗

Proj. onto the ℓ1 unit ball.

−1 1

−1

1

x

Π(x)

x∗

Proj. onto the ℓ0 unit
pseudo-ball.
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Iterative Hard Thresholding

Convergence Rate

Non-convex case: Assumptions

Assumptions: restricted strong convexity and restricted
smoothness. ∀(x , y) ∈ Rd s.t. ∥x − y∥0 ≤ s (s := 3k).

f (x) + ⟨∇f (x), y − x⟩+
νs

2
∥x − y∥2 ≤ f (y) ≤ f (x) + ⟨∇f (x), y − x⟩+

Ls

2
∥x − y∥2
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Iterative Hard Thresholding

Convergence Rate

Proof of Convergence (IHT)

We take η = 1
Ls
, and k ≥ 4κ2sk

∗, with κs :=
Ls
νs

=⇒ √
β ≤ νs

2Ls
.

f (xt) ≤ f (xt−1) + ⟨∇f (xt−1), xt − xt−1⟩+
Ls

2
∥xt − xt−1∥2

=f (xt−1) +
Ls

2

∥∥∥∥xt − xt−1 +
1

Ls
∇f (xt−1)

∥∥∥∥2 − 1

2Ls
∥∇f (xt−1)∥2

≤f (xt−1) +
Ls

2

∥∥∥∥x∗ − xt−1 +
1

Ls
∇f (xt−1)

∥∥∥∥2 − Ls

2
(1−

√
β)∥xt − x∗∥2 −

1

2Ls
∥∇f (xt−1)∥2

=f (xt−1) + ⟨∇f (xt−1), x∗ − xt−1⟩+
Ls

2
∥xt−1 − x∗∥2 −

Ls

2
(1−

√
β)∥xt − x∗∥2

≤f (x∗) +
Ls − νs

2
∥xt−1 − x∗∥2 −

Ls

2
(1−

√
β)∥xt − x∗∥2

≤f (x∗) +
Ls − νs

2
∥xt−1 − x∗∥2 −

2Ls − νs

4
∥xt − x∗∥2
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Iterative Hard Thresholding

Convergence Rate

Proof of Convergence (IHT)

 Ls−νs
2

2Ls−νs
4

T−t

[f (xt ) − f (x∗)] ≤

 Ls−νs
2

2Ls−νs
4

T−t
Ls − νs

2
∥xt−1 − x∗∥2 −

 Ls−νs
2

2Ls−νs
4

T−t
2Ls − νs

4
∥xt − x∗∥2

...
 Ls−νs

2
2Ls−νs

4

T−2

[f (x2) − f (x∗)] ≤

 Ls−νs
2

2Ls−νs
4

T−2
Ls − νs

2
∥x1 − x∗∥2 −

 Ls−νs
2

2Ls−νs
4

T−2
2Ls − νs

4
∥x2 − x∗∥2

 Ls−νs
2

2Ls−νs
4

T−1

[f (x1) − f (x∗)] ≤

 Ls−νs
2

2Ls−νs
4

T−1
Ls − νs

2
∥x0 − x∗∥2−

 Ls−νs
2

2Ls−νs
4

T−1
2Ls − νs

4
∥x1 − x∗∥2

T∑
t=1

 Ls−νs
2

2Ls−νs
4

T−t

[f (xt ) − f (x∗)] ≤

 Ls−νs
2

2Ls−νs
4

T−1
Ls − νs

2
∥x0 − x∗∥2 −

 Ls−νs
2

2Ls−νs
4

T−t
2Ls − νs

4
∥xt − x∗∥2

f (xT̂ )− f (x∗) ≤ CωT
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Zeroth-Order Hard-Thresholding

Zeroth-Order Hard-Thresholding
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Zeroth-Order Hard-Thresholding

Introduction

Zeroth-Order Hard-Thresholding (ZOHT)

Algorithm 2: Hard-Thresholding

Initialization: x0
for t = 0, ...,T do

xt+1 := Hk(xt − η
?

∇f (xt))
end
Output: x̂T := e.g. xT or argminx∈{xi}Tt=1

f (xt)

What if we don’t know ∇f (xt) ? e.g. for privacy or computational
reasons.
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Zeroth-Order Hard-Thresholding

Introduction

Approximating ∇f (x): two points approximation [1] [2]:

One random direction u:

gt = d
f (xt + µu)− f (xt)

µ
u with u ∼ Uni(Sd)

q random directions {ui}qi=1:

gt =
d

q

q∑
i=1

f (xt + µui )− f (xt)
µ

ui with {ui}qi=1
i.i.d.∼ Uni(Sd)
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Zeroth-Order Hard-Thresholding

Introduction

Curse of dimensionality: An impossibility result [5]

Under standard assumptions (strongly cvx, smooth, noisy obs.):

“∀ algorithm, ∃ fadv s.t. we need more than O(d/ε2) queries to
achieve E[fadv(x̂T )− fadv(x∗)] ≤ ε”

Solutions in litterature: more assumptions on f :

f (x) = g(Ax) with rank(A) << d [3]

sparse/compressible gradients [4]

What happens in our non-convex case ?

22 / 57



PhD Defense

Zeroth-Order Hard-Thresholding

Convergence Rate

Key Insight: Error of gt on a Support F

F := supp(xt) ∪ supp(xt−1) ∪ supp(x∗) =⇒ |F | = O(k).

Bias:
∥[Egt ]F − [∇f (xt)]F∥2 ≤ L2ϵµµ

2

Variance:

E∥[gt ]F−E[gt ]F∥2 ≤
εF
q
∥∇f (xt)∥2+

εabs
q

µ2, with εF = O(k)

=⇒ Dimension Independent ! (Note: we assume full smoothness here

for simplicity)

∇f(xt)

∇F f(xt)

gt

[gt]F

∥∇F f(xt)− [gt]F ∥

∥∇f(xt)− gt∥

1

q = 1 q = 106

Figure: ∇f (x), g and their projections ∇F f (x) and [g ]F , µ→ 0
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Zeroth-Order Hard-Thresholding

Convergence Rate

ZOHT: Convergence Analysis

Proof is similar as before, except that we:

”extract” out the error terms

keep the constants free at the beginning, and later choose
them to make things work

f (xt ) ≤ f (xt−1) +
1

2η
∥x∗ − xt−1∥

2 − ⟨∇f (xt−1), xt−1 − x∗⟩ + ⟨[∇f (xt−1) − gt−1]F , xt−1 − x∗⟩

−
1

2η
(1 −

√
β)∥xt − x∗∥2 +

 L − 1
η

+ C

2

 ∥xt − xt−1∥
2 +

1

2C
∥[∇f (xt−1) − gt−1]F ∥

2
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Zeroth-Order Hard-Thresholding

Convergence Rate

ZOHT: Convergence Analysis

Choose η := 1
L+C

= 1
αL

, k ≥ 16α2κ2
sk

∗ qt :=
⌈

τ
ωt

⌉
with ω := 1− 1

8ακs
and

τ := 16κs
εF

(α−1)
. Use algebraic manipulations, RSC, expression of bias and variance,

and smoothness again:

Ef (xt)− f (x∗) ≤
1

2η

[(
1−

1

α′κs

)
E∥x∗ − xt−1∥2 − (1−

√
β)E∥xt − x∗∥2

+2η

(
G

2
C3 +

1

C

(
2C1∥∇f (x∗)∥2 + C2µ

2 + C3

))]
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Zeroth-Order Hard-Thresholding

Convergence Rate

ZOHT: Convergence Analysis

Ef (x̂T )− f (x∗) ≤ FωT + Hµ2

Query Complexity = O
(
εFκ

3
sL

ε

)
= O

(
kκ3

sL
ε

)

Dimension Independent !
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IHT with Additional Constraints
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Additional Constraints

Introduction

IHT + Additional Constraints

We now consider the following problem:

min
x∈Rd :∥x∥0≤k, x∈Γ

f (x)

Application: e.g. Index Tracking with sector constraints.

Γ = {x ∈ Rd : ∀i ∈ [c], ∥xGi
∥1 ≤ D}, where xGi

is the restriction
of x to group Gi (i.e. for j ∈ [d ], xGi j = xj if j ∈ Gi and 0

otherwise).
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Additional Constraints

Introduction

IHT + Additional Constraints

Assumption (k-support-preserving set)

Γ is convex and for any x ∈ Rd s.t. ∥x∥0 ≤ k :
supp(ΠΓ(x)) ⊆ supp(x).

Algorithm 3: IHT with Two-Step Proj. (TSP)

Initialization: x0
for t = 0, ...,T do

vt := Hk(xt − η∇f (xt))
xt+1 := ΠΓ(vt)

end
Output: x̂T := e.g. xT or argminx∈{xi}Tt=1

f (xt)

29 / 57



PhD Defense

Additional Constraints

Introduction

Support Preserving Set and TSP

Γ

×w

×
Π̄k

Γ(w)
×Hk(w)

Figure: Support-preserving set and two-step projection (d = 2, k = 1).

Π̄k
Γ (w) := ΠΓ(Hk(w))
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Additional Constraints

Introduction

3 Point Lemma with Extra Constraint

New Three (Four) - Point Lemma:

∥Π̄k
Γ (x)− x∥2 ≤ ∥x − x∗∥2 − ∥Π̄k

Γ (x)− x∗∥2 +
√
β∥Hk(x)− x∗∥2
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Additional Constraints

Convergence Rate

Proof of Convergence

With ρ ∈ (0, 12 ] and k ≥ 4(1−ρ)2L2s
ρ2ν2s

k∗:

( f (xt ) ≤f (x∗) +
Ls − νs

2
∥xt−1 − x∗∥2 −

Ls

2
∥xt − x∗∥2 +

Ls

2

√
β∥vt − x∗∥2 ) × (1 − ρ)

( f (vt ) ≤f (x∗) +
Ls − νs

2
∥xt−1 − x∗∥2 −

2Ls − νs

4
∥vt − x∗∥2 ) × ρ

(1 − ρ)f (xt ) + ρf (vt ) ≤ f (x∗) +
Ls − νs

2
∥xt−1 − x∗∥2 −

(1 − ρ)Ls

2
∥xt − x∗∥2 −

ρ(Ls − νs )

2
∥vt − x∗∥2

= f (x∗) +
Ls − νs

2
∥xt−1 − x∗∥2 −

Ls − ρνs

2
∥xt − x∗∥2

mint∈[T ] f (xt) ≤ (1 + 2ρ)f (x∗) + ε

with T ≥
⌈
Ls
νs
log
(
(Ls−νs)∥x0−x∗∥2

2ε(1−ρ)

)⌉
+ 1 = O(κs log(1ε ))
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Additional Constraints

Convergence Rate

Proof of Convergence

Further, if x∗ is a global minimizer of f over B0(k), with ρ = 0.5
in the expressions of k and T above:

mint∈[T ] f (xt) ≤ f (x∗) + ε.
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Additional Constraints

Convergence Rate

Application: Index Tracking

min
x∈B0(k)∩Γ

∥Ax − y∥2

Γ = {x ∈ Rd : ∀i ∈ [c], ∥xGi
∥1 ≤ D}, where xGi

is the restriction of
x to group Gi (i.e. for j ∈ [d ], xGi j = xj if j ∈ Gi and 0 otherwise).

S&P500 HSI
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Dual Perspective on IHT

A dual perspective on IHT: Iterative Regularization with
k-Support Norm (IRKSN)
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A Dual Perspective on IHT

IRKSN

Dual Perspective on IHT

Variant of Projected Gradient Descent:
Dual Averaging (DA)[6]/(Lazy) Mirror Descent (MD)[7]/Lazy

OCO[8]/Bregman Iterations [9]:

yt+1 = yt − ηt∇f (xt)

xt+1 = Hk(yt+1)
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A Dual Perspective on IHT

IRKSN

Dual Perspective on IHT

−1 1

−1

1
x1

x2

ΠC(x1)

ΠC(x2)

Projection onto the ℓ1 unit ball.

−1 1

−1

1
x1

x2

ΠC(x1)

ΠC(x2)

Projection onto the ℓ0 unit
pseudo-ball.

Figure: For projection onto the ℓ1 ball, we have
∥ΠC(x1)− ΠC(x2)∥ ≤ ∥x1 − x2∥ (contractivity), but this is not true if C
is the ℓ0 pseudo-ball.
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A Dual Perspective on IHT

IRKSN

Projection and Mirror Map

Contractivity of Π = Smoothness of some function ϕ
Hk(·) = ∂ϕ(·) with ϕ(·) = 1

2(∥ · ∥(k))2 (top-k norm): but ϕ not
smooth.

But we can take the δ-Moreau smoothing:

ϕδ(·) = (
1

2
( ∥ · ∥spk︸ ︷︷ ︸
k-support norm (KSN)

)2 +
1

2
(∥ · ∥22) )∗
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A Dual Perspective on IHT

IRKSN

Note on the k-support norm (KSN)

KSN ball is tightest convex relaxation of ℓ0 and ℓ2 ball:

{x : ∥x∥spk ≤ D} = conv({x : ∥x∥0 ≤ k} ∩ {x : ∥x∥2 ≤ D})

The proximal operator for the squared KSN is known [10].

Figure: k-support norm ball (source: [11])
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A Dual Perspective on IHT

IRKSN

Dual Perspective on IHT

Algorithm becomes:

yt+1 = yt − ηt∇f (xt)

xt+1 = prox 1
2δ
(∥·∥spk )2

(yt+1

δ

)
Some properties:

MD/DA Converges to x∗ (not sparse in general)

For overparam. linear models: implicit bias towards min
KSN2 (+δℓ22) solution

BUT: may still not be k-sparse in general
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A Dual Perspective on IHT

IRKSN

IRKSN

We consider the sparse recovery problem:

y δ = Xw∗ + ϵ

∥ϵ∥ ≤ δ

Solved by ADGD [12], solving, with early stopping:

min
w

f (w) s.t. Xw = y δ

with f (w) = F (w) + α
2 ∥w∥2

2 with F (w) = 1−α
2 (∥w∥spk )2
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A Dual Perspective on IHT

IRKSN

IRKSN

Algorithm 4: IRKSN

Initialization: v̂0 = ẑ−1 = ẑ0 ∈ Rd , γ = α∥X∥−2, x0 = 1
for t = 0, ...,T do

ŵt ← proxα−1F

(
−α−1XT ẑt

)
r̂t ← proxα−1F

(
−α−1XT v̂t

)
ẑt ← v̂t + γ

(
Xr̂t − y δ

)
θt+1 ←

(
1 +

√
1 + 4θ2t

)
/2

v̂t+1 = ẑt + θt−1
θt+1

(ẑt − ẑt−1)

end
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A Dual Perspective on IHT

IRKSN

Notations

For S ⊆ [d ], S̄ := [d ] \ S
M†: Moore-Penrose pseudo-inverse [13]

MS column-restriction of M to support S ⊆ [d ], i.e. the
n × |S | matrix composed of the |S | columns of M of indices
in S

supp(w): support of w (coordinates of the non-zero
components of w)

wS ∈ Rk restriction of wS to a support S of size k , i.e. the
sub-vector of size k formed by extracting only the components
wi with i ∈ S

sgn(w) vector of signs of w
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A Dual Perspective on IHT

Conditions for recovery

Conditions for Recovery

Method Condition on X

IHT [14] Restricted Isometry Property (RIP)

Lasso [15] max
ℓ∈S̄
|⟨X †

Sxℓ, sgn(w∗
S )⟩| < 1 & XS injective

ElasticNet [16] -
KSN pen. [11] -
OMP [17] RIP

SRDI [18]

{ ∃γ ∈ (0, 1] : X⊤
S XS ≥ nγId,d

∃η ∈ (0, 1) : ∥XS̄X
†
S∥∞ ≤ 1− η

IROSR [19] RIP

IRCR [20] max
ℓ∈S̄
|⟨X †

Sxℓ, sgn(w∗
S )⟩| < 1 & XS injective

IRKSN (ours) max
ℓ∈S̄
|⟨X †

Sxℓ,w∗
S ⟩| < min

j∈S
|⟨X †

Sxj ,w∗
S ⟩|
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A Dual Perspective on IHT

Conditions for recovery

Finding Sufficient Conditions: Proof Technique

Subdifferential of the (half-squared) top-k norm:

∂

[
1

2

(
∥ · ∥(k)

)2]
= conv(Hk(·))

Example with k = 1:

∂

[
1

2

(
∥[−1.2, 1]∥(k)

)2
]
= {[−1.2, 0]}

∂

[
1

2

(
∥[−1.2, 1.2]∥(k)

)2
]
= conv({[−1.2, 0], [0, 1.2]}) = {[−1.2λ, 1.2(1−λ)], λ ∈ [0, 1]}
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A Dual Perspective on IHT

Conditions for recovery

Sufficient conditions for recovery: comparison with ℓ1 norm

Assumption (Conditions for recovery with ℓ1 norm-based
algorithms)

Let w∗ be supported on a support S ⊂ [d ]. w∗ is such that:

1 Xw∗ = y
2 XS is injective

3 maxℓ∈S̄ |⟨X †
Sxℓ, sgn(w

∗
S)⟩| < 1

Assumption (Conditions for recovery with IRKSN)

w∗ k-sparse, supp(w∗) = S ⊂ [d ], Xw∗ = y
w∗

S = argminz∈Rk :XSz=y ∥z∥2
maxℓ∈S̄ |⟨X †

Sxℓ,w
∗
S⟩| < minj∈S |⟨X †

Sxj ,w
∗
S⟩|

Does not need XS to be injective !
46 / 57



PhD Defense

A Dual Perspective on IHT

Conditions for recovery

Conditions for recovery, case where XS is injective

If XS is injective and Xw∗ = y , the conditions become:

(A) (ℓ1-norm based): maxℓ∈S̄ |⟨X †
Sxℓ, sgn(w

∗
S)⟩| < 1

(B) (IRKSN): maxℓ∈S̄ |⟨X †
Sxℓ,

w∗
S

minj∈S |w∗
S |
⟩| < 1

It is possible to find examples of design matrix X and vector w∗ which

verify (B) but not (A): IRKSN is ensured to recover w∗ there, contrary

to ℓ1 norm-based algorithms.
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Experiments: Synthetic design matrix X

(a) F1-score vs. n (b) F1-score vs. snr (c) F1-score vs. ρ

(d) F1-score vs. t

Figure: F1-score of support recovery for a correlated design matrix [20] ρ:
correlation, snr: signal/noise ratio, n: num. samples.
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Experiments: fMRI decoding

Lasso ElasticNet OMP IHT KSN IRKSN IRCR IROSR SRDI

face’/’house’ .425 .349 .938 .2441 .247 .2440 .341 .381 .314
’house’/’shoe’ .528 .500 .938 .2968 .299 .2965 .407 .502 .357

Model estimation ∥w − w∗∥ (w∗: obtained by EnCluDL).

(b) Lasso (c) Enet (d) OMP (e) SRDI

(f) IROSR (g) IHT (h) IRCR (i) KSN

(j) IRKSN (k) EnCluDL 49 / 57
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